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VE SU ON PINH THEO MOT NHOM BIEN

CUA HE PHUONG TRINH VI PHAN CHIU TAC DUNG XUNG

TOM TAT

Tran Thi Hué*

Truong Pai hoc Ky thudt Cong nghiép - Pai hoc Thdi Nguyén

Bai bao nay trinh bay bai toan su 6n dinh theo mot nhom bién ciia hé phuong trinh vi phan (PTVP)
chiu tac dung xung. Pa dua vao cac khai niém vé su 6n dinh theo mot nhom bién, ham Liapunov
cia PTVP chiu tac dung xung. D4 m& rong mot sé két qua vé sy 6n dinh, 6n dinh tiém can va
khéng 6n dinh nghiém dbi v6i mot nhom bién ciia PTVP thudng sang cac PTVP chiu tic dung

xung tai thoi diém c6 dinh.

T khoa: on dinh, on dinh tiém cdn, khong on dinh, phwong trinh vi phdn, xung, ham Liapunov,

xdc dinh dwong (am), nhém bién(bo phén).

GIOI THIEU

Bai toan 6n dinh chuyén dong c6 vai tro rat
16n trong hau hét cac linh vuc khoa hoc Ty
nhién va Ky thuat. N6 dd dugc nghién ctu
phat trién va ung dung trong sudt thé ky XX
va dén nay 1y thuyét on dinh d6i v6i cac hé
dugec md ta bang cac phuong trinh vi phan
thuong da dugc nghién ctru hoan chinh.

Gan lién v6i su phét trién cong nghé méi tir
khoang nhitng nim 70 cua thé ky trudc, nhidu
hé ky thuat duge mo ta bang cac hé PTVP mo
rong — PTVP chiu tic dung xung. Ly thuyét
ndy cling bat ddu dwoc nghién ciu va dat
dugc nhitng két qua co kha ning ung dung
rong rai trong k¥ thuat.

Tuy nhién, c6 rat nhiéu hé dong luc ma tinh
chit 6n dinh cta no chi xdy ra ddi véi mot
nhém céc tham sd trang thai ctia hé con cac
bién khac khong 6n dinh. Vain dé nay do A.
M. Liapunov chi ra tir dau thé ky XX va két
qua dang quan tam nhét thudc vé tac gia V.V.
Rumyantsev va A. S Oziraner 1987. Sau do,
n6 da dugc cac nha Toan hoc va Co hoc Nga,
Phap, My, Rumani,... nghién ctru va dat dugc
két qua co ¥y nghia thuc t&. Trong bai bao
nay, chiing t6i s& mé rong cac két qua nghién
ctru vé su 6n dinh bd phan d6i vi hé PTVP
thuong sang hé PTVP chiu tic dung xung
trong khong gian hitu han chiéu.
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DAT BAI TOAN
Gia stir ¢c6 mét hé dong luc, chuyén dong cia
n6 dugc md ta boi hé phuong trinh vi phén
chiu tac dung xung duogc viét dudi dang :
0
X =X(t,x), t#r;
(1. 125 ()
AX . l; (X)
X(t,0=0, 1,(0)=0 @)

Gia sir rang hé (1) c6 nghiém duy nhit phu
thudc lién tuc vao diéu kién dau va thac trién
v0 han vé€ bén phai.

Dud¢i day ta s€ nghién ctru bai toan on dinh
cua chuyén dong khong nhieu x = 0 do6i voi
cac bién xy, X2, Xm (m ‘>0, n=m+p, p=0),
ta ki hi€u cac bién nay bang y:
yi=xi(i=1,23,.., m)

con lai Zj = Xm+j (j =1,...n—m=p)

Pinh nghia 1. Chuyén dong khong nhiéu x =
0 cua h¢ (1) dugc goi la on dinh theo mot
nhém bién xi, X,,...,.Xm (M < n) hay y - 6n dinh
néu dbi voi moi € > 0, 1 > 0 bét ky, ta tim
dugc 8 > 0 sao cho tir ||xo||[<d suy ra |ly(t, to,
Xo) [[<evoimoit>tova|t-t|>n,tlathoi
diém hé chiu tic dung xung.

Ta xét mot ham vo hudng V(t, x), V(t, 0) =0
xéc dinh va co6 cac dao ham riéng cap mot lién
tuc trong mién :

Zi={t2t, |yll<H, [lz][<x} (3)

Pinh nghia2. Ham V(t, x) dugc goi 1a ham c6
gi6i han trén vo ciing bé, néu Ve >0 cho trudc
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6 thé tim duogc r,n(f)twsé) h >0 sao cho khi t >t,,
[X| < h thi ta ¢6 bat dang thure:
IV(t, X)| < € hay V(t, X) = 0 khix — 0

Pinh nghia 3. Ham W(y;, Ya,....¥Ym) = W(Y)
khong phu thudc hién t dugc goi 1a xac dinh
duong néu trong mién || y||l< H khéng am va
triét tiéu khi va chi khi y=0. Ham W(y) duoc
goi la xac dinh am néu —W(y) xac dinh
duong.
binh nghia 4. Ham V(t, x) duoc goi la y —
xac dinh duong (y—xdc dinh &m) néu ton tai
mot ham W(y) khong phu thudc hién t xac
dinh duong sao cho mién (3) thuc hién bat
dang thuc:V(t, X) > W(y) hay (—V(t, x) > W(y))
Pinh nghia 5. Ham V(t, x) duoc goi la bi
chan trong mién (3), mq%u ton tai mot s6 L >0
sao cho thod man bat dang thue: V(t, x) <L
Pinh nghia 6. Ham V(t, x) dugc goi 1a ham
khong d6i dau duong (khong dbi ddu am) néu
n6 thoa mén bét déng thuc:

V(t, X) > 0 hay (V(t, X) <0)
Két qua chinh
Pinh Iy 1. Néu ton tai mot ham y — x4c dinh
duong V(t, x) trong mién (3) ma dao ham cua
nd dya vao hé phuong trinh vi phan chuyén
dong nhicu (1) V(t,x) thoa man bat dang
thuc:

%+<gradXV(t,X),X(tyx)>go (4)
V(g X+ 1,(3)) < V(5;,%) ©)

thi chuyén dong khong nhiéu x =0 1a y - 6n dinh.
Chirng minh
Gid st chon trudec € > 0 tuy y (¢ < H), goi

(=inf W(y). Vi W(y) la ham xdc dinh
yll=¢

dwong nén 1> 0. Do d6 trén mat cau || y|| = ¢
ta ¢6 V(t, X) > |.. Tt tinh chit cua ham V(t, x)
va V(to, 0) = 0 ta chon duoc mot sé >0 sao
cho véi |jxo|[< & thuc hién bat dang thirc: V(to,
xX) <1

V61 moi nghiém Xuét phat tir vi tri ban dau
(to, Xo), Xo e{|[x|| < 8} thi [ly(t)[| <e.

Théat vay, ta khdo sat ham v(t) = V(t, x(t)) va
gia st c6 mét thoi diém t~ ma doi voi nd
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ly(t-)]| = . Khi d6, do cac bat dang thirc (4)
va (5) ham V(t, x) don di¢u giam nén ta co:

k-1
W(y) < v(t.) = v(t,) + Z(V(Tk +0) - V(t,0)) =

=Vv(t,)+ Zk: (v(7; +0)—v(r;)) S v(ty) <

Bét dang thirc cubi cing mau thudn tinh y —
xac dinh duong cua ham V(t, x). Do d6 véi
moi t > t, thue hién diéu kién |[y(t, to, Xo)||<e.
Pinh 1y dugc ching minh.
Pinh Iy 2. Néu ton tai mot ham y — xac dinh
dwong V(t, x) trong mién (3) va thira nhin
giéi han trén vo cing bé theo cac bién x1, X,,
vy Xk (M<K< n) ma dao ham cta nd dua theo
hé phuong trinh vi phén chuyén dong nhidu
(1) V(t,x) thoa min bat dang thirc:
%ﬂgradxva,x),xa,x)) <0 (6)
V(T X+ 1;(x) = V(7;,X) <=y (V(x;, X)),

vi=12,.. ")

trong d6 y(s) lién tuc véi s > 0, y(0) = 0,
y(s)>0, s>0 thi chuyén dong x=0 la y - On
dinh tiém can.
Chitrng minh:
Vi céc gia thiét cta dinh 1y 1 déu dugc thoa
mén, nén chuyén dong khong nhicu x = 0 cua
hé (1) 1a y - 6n dinh.
Ta khao sat ham v(t) = V(t, x(t)), va chi can
chirng minh rang limv(t)=0.

t—o0

Tir cac bat dang thirc (6), (7) ham v(t) khong

taing do d6 n6 bi chin dudi nén ton tai

!Lm V(t) =a. Ta chimg minh o = 0

Gia su >0, goi c= min y(s). Khi do, tai
ass<v(ty)

céc thoi diém va cham t = 7; ta c6:

v(t,40) —v(t;) < —y(Vv(t,)), Vi=12,..

Do a<v(t;) <V(t,) nén

—y(v(y))£—, Vi=l2,...
Do do:
V(t;+0)—Vv(t;)<-c, Vi=12,..

Do ham v(t) khong tang trén moi doan lién

tuc nén V(t; +0)>V(t;,,) . Khi d6 dbi véi s6

tu nhién k bat ky ta thu dugc:
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V(O = V() + 3 (W5 +0) - V() < v(ty) ke

Vé phai cua bat dang thirc cudi cing vé6i cac
gia tri k 16n tré thanh am ma mau thuan tinh y
- xac dinh duong cua ham V(t, x) dan dén
mau thudn o>0. Pinh Iy duge chirng minh.
Pinh Iy vé khong 6n dinh

Trong phan nay ta s& xét ham V(t, X) ¢ cac
tinh chat sau:

a) Mién Zo = {(t, X) €Z; | V(t, x) > 0} dwong
ctia ham V(t, ) v6i t>ty c6 thiét dién mo khac
khong boi mat phing t = const tiép xtc véi
goc toa do.

b) Trong mién Z, ham V(t, x) gidi ndi.

Ham V(t, x) thoa min cac diéu kién trén dugc
goi la ham V(t, x) xac dinh duong trong mién
V>0.

Pinh 1y 3. Néu ton tai mét ham V(t, x) c¢6 cac
tinh chat a, b sao cho trong mién Z,,

Vit > 0 va ||x]| bé tuy ¥ ma dao ham V(t,x)
theo (1) la ham xéac dinh duong trong mién V
> 0 va thoa man bat dang thirc:

V(i x; + ;%) = V(1. %) 2 w(V(x;, Xi()s))

trong do y(s) lién tuc véi s > 0, y(0) = 0,
y(s)>0 voi s>0 thi chuyen dong khong nhidu
x = 0 1a y — khong on dinh.

Chirng minh
Theo diéu kién cua dinh Iy trong lan cén bé
tuy y cua goc toa do trong mién V>0 ta chon
dugc mot diém xq sao cho

V(to, Xo) = Vo> 0.
Ta s€ chu’ng minh nghiém bat ky x(t) di ra
khoi diém Xo trong lan can gbc toa do tuy y sé
ra khoi mién giéi han boi mat cau |ly|= H
Gia st tai thoi diém t« nao d6 nghiém bat k}‘f
X(t) van nam trong mién ||y(t~)|[=H, tirc 1a x(t)
e Zy Vt > t5. Ta khao sat ham:

v(t) = V(t, (1)
Tir bat déng thirc (8) ham v(t) don diéu ting.

Goi c= min y(s), trong do
V(tg)ss<ag
a,= sup V(t,x).Khido
(t,x)eZg

V(T +0)—Vv(t;) >c,
vOit # 1i.nén

i=12,.. Viv(t) >0
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V(T +0)—Vv(t) <0, i=12,..

Déi v6i s6 tu nhién k bt ky ta co:

k-1
v(t) =v(ty) + Z (v(t +0) = Vv(7y,)) =
i1

=V(t,) + Zk: (V(t; +0) —v(t;)) > v(t,) + ke

V& phai ctia bat dang thic cudi cing ting vo
han khi k —c0, mau thuan véi (t; x(t)) €Zo. Vi
trong Zo ham V(t, x) gidi ndi va thoi gian la
hiru han nén nghiém x(t, to, Xo) s& di ra khoi
mit |ly|=H. Piéu d6 chimg t6 rang chuyén
dong khong nhiéu x = 0 13 y — khong 6n dinh.

Pinh 1y 4. Néu ton tai mot ham V(t, x) c¢6 cac

tinh chét a, b sao cho trong mién Z, thuc hién
bat dang thirc:

%+ (grad, V/(t,%), X(t, %)} = (| y [}) (9)

V(x4 1,00) 2 V(5 X)) (10)
trong do ¢(s), w(s) la cac ham lién tuc véi s
>0, ¢(0) = y(0) =0, ¢(s)> 0, y(s)>0 véi s>0.
Gia sir 7; thoa mén diéu kién Tjyg - 7, < 0,

Néu cac ham ¢(s), w(s) sao cho Yy > 0 ndo
d6, va véi moi a €[0, ap ] thoa min bat ding

v(a)
ds
thire: ——20,+y
! o)

thi chuyén dong khong nhidu x=0 1a y - khong
6n dinh.
Chirng minh
Trong 1an can du bé cua géc toa d luon tim
duoc diém xo sao cho V(tg,Xo) > 0. Ta ching
minh ring nghiém x(t) di ra tir diém nay theo
thoi gian vuot khoi gidi han ciia mit cau |ly||
= H. Gia str nghiém bat ky x(t) vin ndm trong
mién |ly|| = H Vt > to, tirc 1a (t; x(t)) €Zo voi t
> 0. Ta khao sat ham v(t) = V(t, x(t)). Thuc
vay, khi (t;, Xi) €Zo thi (7;, X(ti + 0)) ¢Zo la
khong xay ra vi do bat dang thic (10) cua
dinh ly.
v(t; +0)= V~(‘ci , ‘xi +1;(X;)) 2 y(v(T)) >’O
, tirc 1a n6 van nam trong mién V > 0. Néu

gla thiét nghiém x(t) di ra khoi mién Z thi ch1
cit vang V=0 tai thoi diém t«, tirc 1a v(t) =
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Xét trong khoang thoi gian 1 <t <ty:; ta €O
V(T +0)> 0. Tt (9) suy ra:

t*

—IM<t*—I hay

Sov)
V(Tk+0)
ds .«
- ——=<t -1, <6,
i G
Ta ¢6 dnh a > 0 sao cho

O<wy(@)<Vv(t, +0). T cic bit dang thic
trén ta thu duoc mot diy cac bat ding thirc
mau thuan:

v(a) V(1 +0) V(1 +0)
PP I L N
0s) 5 9ls) ®(s)

v(th)
Nhu vay, néu x(t) e{|ly|| = H} thi (t, x(t)) €Z,
voit > 0. Do do6 ta duogc:

jﬁsel, i=12,.., a =v(t,),
ai+l(p(s)
a; =V(t; +0)

Véi a = ajyg = V(Tis1) tr bat drfmg thie cudi ta
thu duoc:

+ + +

Ve g _J- ds _ I ds _j ds
Qj41 (P(S) Qj41 (P(S) Qj41 (p(S) Qj41 (p(S)
ai++l
hay J‘EZy,i:LZ,...
2 0()
SUMMARY

Bét ddng thire cudi cung chi ra rang diy {a}
la ddy tang bi chdn boi a,>0 Vi (t, x(t)) €Z,,
ma trong mi€n nay ham V(t, x) gidi ndi.

Giast min o(s)=c>0 taco:

V(tg)<s<ag

vy <

ol

T ds = %(v(ri+1 +0)—V(t; +0))

hay (v(t;,,+0))—V(t;+0)=vyC

i+1
tc 1a d6i voi k € N bat ky xay ra bat ding
thire: (v(t, +0)) > kyc+v(t,) . Bat dang thuc
cudi cing mau thuan voi viée {v(ti+0)} gioi
ndi. Pinh 1y dugc chung minh.
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ON THE PARTIAL STABILITY OF DIFFERENTIAL EQUATION SYSTEMS WITH

IMPULSES

Tran Thi Hue”
University of Technology — Thai Nguyen University

In this paper is presented the problem: On the partial stability of differential equation systems with

impulses. Then, were introduced the concepts of partial stability,

Liapunov’s function of

impulsive differential equations (IDE). the theorems of partial stability, asymptotic stability and

instability of IDE at fixed time were proved.

Keyword: Stability, asymptotic stability, instability, differential equation, impuls, Liapunov’s

function, positive definite, negative definite, partial.
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