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CHUONG 0: MO DAU

Muc dich:
- Cung cap cho sinh vién nhitng kién thirc co ban ciia mén hoc va viéc mé hinh
hoéa cac bai toan dong luc hoc cong trinh.
Yéu cau:
- Sinh vién hinh dung dugc bai toan dong luc hoc cong trinh; Phan biét bai toan
dong luc hoc cong trinh V&1 bai toan tinh toan tinh trong Co hoc két cau;
- Sinh vién nim duoc nhiém vu ciia moén hoc Pong luc hoc cong trinh;
- Nim duoc cac khai niém vé céc loai tai trong dong, cac dang dao dong, bac tu
do, phuong phap xay dung phuong trinh chuyén dong.
1. KHAI NIEM VE PONG LUC HQC CONG TRINH
Khai niém vé dong luc hoc

Co hoc néi chung 13 khoa hoc vé chuyén dong va su can bang dudi tac dung ciia cac
luc khac nhau. Néu chi xét cac trang thai can béng ctia vat thé dudi tac dung cua lyc
ngoai ta ¢ bai toan cua tinh hoc. Trang thai can bang dugc hiéu 1a khong c6 chuyén
dong, tirc 1a khi d6 vat thé co gia téc va van toc bang khong. Suy ludn nay thong
thuong sé& dan dén mot quan niém cho ring tinh hoc da b qua yéu té thoi gian khi
nghién ctru trang thai can béng clia cac vat thé. Va do do, dong luc hoc duogc hiéu 12 bd
phan cua co hoc, trong dé cé ké dén yéu td thoi gian. Thyc chit, quan diém nay chua
day du. Yéu td thoi gian chi 13 diéu kién can chir chua du ctia dong luc hoc.

Dong luc hoc la mot bo phdn cua co hoc nghién cuu chuyén dong cua cac vdt thé
c6 ké dén quan tinh ciia chiing.

Quan tinh 1a mot thudc tinh cua vat chit, c6 xu hudng bao ton trang thai dang tdn
tai, chong lai nhimg tic dong bén ngoai nham thay ddi trang thai sin c6 cia chung.
Quan tinh duoc dic trung bai khéi lugng va luc quéan tinh dugc tinh bang khéi luong
nhan véi gia tc cta vat thé trong chuyén dong. Nhu vy, quan tinh 13 ddu hiéu cdt 16i
ctia dong lyc hoc. Néu b qua quan tinh, tirc 13 gia toc bang khong, thi bai toan khong
con la dong luc hoc nira méac du van c6 thé n6 dang chuyén dong déu.

Néu tinh hoc ¢6 lich st 1au dai cung voi Co hoc, thi dong luc hoc chi thuc su trd
thanh mot bo phan cua co hoc nhd nhitng phat minh ctia Niuton. Ba dinh luat co ban

cua Niutown tré thanh nhiing vién gach dau tién xay nén bd mon dong luc hoc cd dién.



Trong céac dinh luat nay, quan trong nhat 13 dinh luat thtr hai “Tong tat ca cac lyc ngoai
tac dung 1én mot vat c6 khdi luong m bang ma véi a 1a gia téc cua vat”. Tu tudng co
ban nay cua dong luc hoc van con y nghia cho dén ngay hom nay trong co hoc.

Khai niém vé cong trinh

Trong Co hoc ¢6 dién cua Niutown, ngudi ta chi xét dén cac chat diém khi nghién
clru dén cac vat rin tuyét dbi. Trong su phét trién cua co hoc sau nay ngudi ta di mé
rong dbi tuong sang cac vat thé co thé bién dang. Cac vat thé nay thudng xac dinh
bang cac ham sb phu thudc khong chi vao thoi gian ma con cé toa do trong khong gian
chira vat thé d6. Vi vay cac vat thé bién dang tao thanh hé co hoc vdi cac tham ) phan
bd lién tuc va thuong dugc goi 1a h¢ lién tuc hay hé vo s6 bac tu do.

Cong trinh la mot hé co hoc gém nhiéu vt thé bién dang lién két véi nhau tao
thanh mot chinh thé thuc hién mét s6 chire nang dinh san.

Vi 1a mét hé co hoc phuc tap gff)m nhiéu thanh phﬁn khac nhau lién két lai thanh
mdt ddi tuong co6 hinh dang kich thudc, nén cong trinh thuc chit 1a mot hé vé s bac tu
do. M6 hinh co hoc ciia cong trinh duoc goi 13 két cdu cong trinh. Cac tham sd cua két
cau cong trinh bao gém cac tham sd hinh hoc, vat liéu, lién két gilta cac phén tor va
moi truong.

Nhw vdy dong luc hoc cong trinh la khoa hoc nghién cuu dac trung dong luc hoc va
trang thdi tng sudt bién dang ciia cong trinh dudi tdc dung cia cdc tdi trong ngoai co
ké dén quan tinh ciia chiing.

Cac phuwong phap mo hinh héa cong trinh

Viéc tinh toan dong luc hoc cong trinh tré nén phirc tap do sy phu thudc vao luc
quan tinh cta cong trinh ma chinh lyc quéan tinh nay lai phu thudc vao khéi luong va
chuyén vi ctia cong trinh. Cac cong trinh 13 cac hé co hoc c6 khdi lwong phan bd lién
tuc trong khong gian nén lyc quéan tinh ciing 1a mot trudng véc to phan bo trong khong
gian, do d6 bai toan dong luc hoc cong trinh thudng dugc mé ta biang cac phuong trinh
vi phan dao ham riéng rat phirc tap.

a) Phuong phdp tdp trung khoi hrong

Néu ta chap nhan gan dung rang su phan b6 khoi luwong lién tuc trong khong
gian ciia cong trinh dugc quy vé tap trung tai mot s6 diém nao d6 thi bai toan
dong lyc hoc cong trinh tréd nén don gian hon vi lyc quan tinh dugc xac dinh tai

cac diém khoi lugng tap trung. Luc nay, bai toan dong luc hoc cong trinh duoc



mo ta bdi hé cadc phuong trinh vi phan thuong. Tuy nhién, viéc tdp trung bao

nhiéu khéi lugng va viéc quy doi khdi luong tai ting diém nhu thé nao dé dam

béo d6 chinh xac cua két qua phan tich dong luc hoc phu thudc vao kinh nghiém
va sy hiéu biét cua tirng chuyén gia d6i voi ting loai cong trinh cu thé.
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Hinh 1. DAm don giin va md hinh cac khdi lwong tip trung thay thé
b) Phwong phadp toa do suy rong
Duya trén gia thiét rang chuyén vi cta hé c6 thé biéu dién ¢ dang tong chudi vo
han cac ham truc giao Wn(X,y,z) da biét thoa mén cac diéu kién bién hinh hoc
u(x,y,z,t) = ibn )W, (XY, 2) :i(Bﬁcos(wnt) +B3sin (1)) ¥, (X, ¥, 2)
n=1 P
= Zw: B, cos(ot+a,)¥, (X Y, 2)
he1
Déi véi mdi dang chuyén vi cho trude Wn(x,y,z), dang dao dong ciia cong trinh
phu thude vao bién do Bn dugc xem la cac toa do suy rong cua cong trinh. Do
chinh xac cta phuong phap toa do suy rong s& ting 1én néu ta 1iy nhiéu s6 hang
ctia chudi xap xi, tuy nhién khi d6 khéi lwong tinh toan ciing ting 1én dang ké.
¢) Phuong phdp phan tir hitu han (PTHH)
Pay 1a mot phuong phap co ban, hién dai va thong dung nhat ding dé mo hinh
hoa va phén tich tinh, dong lyc hoc cac cong trinh. N§i dung ctia phuong phap
PTHH nhu sau: Chia cong trinh thanh mot s6 hitu han céc phén tr ¢o kich thudce
tuy y dugc lién két voi nhau tai cac diém nut c6 toa do xac dinh trong khong
gian. Trang thai (mg sut, bién dang tai cac diém bén trong phan tir c6 thé xac
dinh dugc thong qua cac ham dang 1a cdc ham chuyén vi cho trude va cac véc to
chuyén vi nat. Sau do tir cac dinh ludt, nguyén 1y co ban cia co hoc thiét 1ap
dugc hé phuong trinh vi phan thuong ddi véi chuyén vi nat. Phuong phap
PTHH thyuc chat 1a mot dang dic biét cua phuong phap toa do suy rong nhung
nd t6 ra wu viét hon vi tinh chét tu dong hoa khi tinh todn cling nhu khdi luong

tinh toan giam nhiéu so v4i phuong phap toa do suy rong.



2. NHIEM VU CUA BAI TOAN PONG LUC HQC CONG TRINH

O phan tinh hoc cong trinh cua gido trinh co hoc két cdu, chung ta nghién ctru cac
phuong phap tinh toan cong trinh chiu tac dung cua tai trong tinh. Trong thuc té, phan
16n céc cong trinh x4y dung déu chiu tac dung cua tai trong dong.

Nhiém vu co ban cua bai toan dong lyc hoc cong trinh 1a xac dinh chuyén Vi va noi
I trong két cau cong trinh khi cong trinh chiu tic dung cua tai trong thay ddi theo
thot gian. Trén co s¢ do, s€ xac dinh cac bién dang va ung suét cuc dai dé tinh toan
kiém tra céc cong trinh thuc, dé)ng thoi lua chon duoc kich thude két ciu hop li dam
bao bién dang va ung suit nho dé thiét ké cac cong trinh mdi, tranh cac hién tuong
cong huong.

Duéi tac dung dong cua tai trong thay doi theo thoi gian, hé sé dao dong va dao dong
d6 duoc biéu thi dudi dang chuyén vi cta két cdu. Do d6, khi phan tich va giai quyét
bai toan dong luc hoc cong trinh s€ cho phép xac dinh dugc su thay ddi cua chuyén Vi
theo thoi gian twong (mg v&i qua trinh thay doi cua tai trong dong. Cac tham sb khéc
nhu noi luc, Gng suit, bién dang,.... n6i chung déu dugc xac dinh sau khi c6 su phan
bb chuyén vi ciia hé. Tat ca cac tham s6 d6 déu 1a cac ham thay d6i theo bién thoi gian
phu hop véi tac dung dong bén ngoai. Tuy nhién, d6i khi viéc giai quyét bai toan dong
luc hoc cong trinh con duoc tién hanh béng viéc dua vao cac hé sb dong. Khi do, noi
luc chuyén vi va moi tham sb ctia hé déu duoc tinh toan thong qua hé sb dong véi cac
két qua tinh toan tinh. Tat ca cac dai luong do déu 1a cac gia tri cuc dai itng voi mot
thoi diém xac dinh, khong phai 14 cac ham theo bién thoi gian.

3. CAC PAC PIEM CO BAN CUA BAI TOAN PLH CONG TRINH

Vigc tinh toan dong luc hoc cong trinh khac vdi viée tinh toan tinh hoc cong trinh &
nhing dic diém co ban dudi day:

<> Trude hét, dudi tic dung cia tai trong dong thay ddi theo thoi gian, trang
thai irng suat bién dang cua hé ciing s& bién ddi theo thoi gian. Nhu vy, bai toan dong
s& khong c6 nghiém duy nhat nhu bai toan tinh (ching ta phai gidi phuong trinh vi
phan). Do dé, can phai tim sy lién tuc cta nghiém twong ng v6i moi thoi diém thoi
gian biéu thi trang thai thyc cua hé. Chinh vi thé ma viéc tinh toan dong phuc tap va
kho khin hon nhiéu so véi viée tinh toan tinh.

X Mit khéc, dic diém co ban cua bai toan dong dugc phan biét rd so voi bai

toan tinh & chd: & bai toan tinh, dudi tic dung cua tai trong tinh 1a tii trong tic dung
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cham 1én cong trinh, sy chuyén dong ctia hé 1a chdm va luc quén tinh rat nho co thé bo
qua duoc. O bai toan dong, tac dung cua tai trong dong 1én cong trinh giy ra sy chuyén
dong cua hé voi gia tdc 1om, va luc quan tinh phu thudc vao gia tde chuyén dong (dao
ham béc hai cua chuyén vi theo thoi gian) 1a khong thé bé qua duge. Su can thiét phai
ké dén luc quan tinh 1a su khac biét co ban ctia bai toan dong liwc hoc véi bai toan tinh
hoc.

% Ngoai ra, viéc xét dén anh hudng cua luc can ciing 1a mot dic diém co ban phan
biét bai toan dong vai bai toan tinh. Ban chit cia luc can chuyén dong (luc tit dan) rat
phuc tap va da dang. Vi vay, viéc tinh luc can phuc tap hon so véi lyc quan tinh.
Trong tinh todn, d6i khi khong xét dén anh hudng cua lyc can, doi khi lyc can dugc
tinh toan mot cach gan dung véi nhitng gia thiét phu hop. Nhung phai ludn thay rang
luc can ludn ludn c¢6 mat va tham gia vao qua trinh chuyén dong cta co hé.

4. CAC DANG TAI TRONG PONG TAC DUNG LEN CONG TRINH
Bit ky mot két cau xay dung nao trong qua trinh st dung déu phai chiu tac dung cia
tai trong dong ¢ dang nay hay dang khac. Tai trong dong 14 tai trong bat ki co do 16m,
phuong, vi tri thay ddi theo thoi gian. Tai trong dong tic dung 1én cong trinh rat da
dang va phirc tap. Theo cac dic trung ctia nd, tai trong dong véi mot quy luat bat ki
nao dé dugc phan ra la tai trong c6 chu ki va tai trong khong c6 chu ki.
a. Cac tai trong c6 chu ky
Tdi trong co chu ky la tdi trong lap di lap lai theo thoi gian qua cdc chu ki. Chu ki
clia tai trong ¢ thé 13 lién tuc ma ciing c6 thé 1a gian doan. Néu tai trong tac dung co
quy luat hinh sin hodc cos véi chu ki lién tuc thi goi 14 tai trong diéu hoa don gian, hay
tai trong rung dong (hinh 1a). Tai trong ndy phét sinh khi dong co mé to ¢é phan quay
khong can bang vi khbi luong dat 1éch tim (hinh 1b). M6 to dit trén hé s& phat sinh ra
lyc quén tinh 1i tam :
P = Mri @
Trong d6: M — khéi lugng phan quay ;
i - do 1éch tam;
r — van téc goc clia mo to.

_z2mn
r="y (19 )

n —s6 vong quay ciia dong co trong mot pht.
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Luc li tAm s& gdy ra tai trong dong tac dung 1én hé theo phuong thing dimg va
phuong ngang. Tai trong dong tac dung 1én hé theo phuong thang dung s& 1a:
P(t)=Psinrt 3)
Céac dang khac nhau cua tai trong c6 chu ki thudng phtc tap hon. Su phtc tap biéu
hién & quy luat thay d6i cua tai trong trong mdi chu trinh (hinh 2a). Vi du: 4p luc thuy
dong hoc do sy quay cta canh quat tau thuy (hinh 2b).
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Hinh 2
b. Tai trong khong cé chu ky
Tai trong khong c6 chu ki c6 thé 1a cdc loai tai trong ngin han va céc tai trong dai

han dang tong quat:



e Tai trong ngan han: Ngudn kich dong dic trung cia tai trong ngan han 1a

cc vu nd. Mot sd dang tai trong ngén han cho & hinh 3.

0 Tr ; PO e
Pm Pm/\ Pm
0 — 5 0 \ I — 0 . 0 .
PN Ehi.. 82,5 L Eblg 82! P €
a) b) C) d)
Hinh 3

Hinh 3a: ap luc ctuia sobng va cham (song xung kich) tac dung vao cong trinh do cac
vu no trong khong khi gy ra.
Hinh 3b: 4p luc cia song nén tic dung vao cac cong trinh vii sau trong long dat do
cac vu nd trong dat giy ra.
e Tai trong déng dai han: Ton tai sau nhicu chu ki dao dong, 1a dang tai trong
thuong gip, thi du nhu tic dung cia dong dat ddi voi cac cong trinh xdy dung déu

thudc loai tai trong nay. (Hinh 4)
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M

Hinh 4

Ngoai ra con ¢ nhiéu tai trong dong phirc tap nhu tai trong gi6 bio, sy thay doi dot
ngodt cta nhiét d6 ctia moi truong, tic dung cia song bién,..... va cic tai trong ngiu
nhién khac.

5. PHAN LOAI DAO PONG

Tuy theo sy phan b6 khéi lugng trén hé, cAu tao va kich thudc cta hé, tinh chit cua
cac loai tai trong va cac tac dung dong bén ngoai, anh hudng va sy tuong tac ciia moi
truong dao dong, cling nhu sy lam viéc cua hé...... ma nguoi ta co rat nhiéu cach phan
loai dao dong khac nhau. Thong thuong c6 mot s6 cach phéan loai nhu sau:

a. Phan theo s6 bac tu do ciia h¢ dao dong
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Theo cach phan loai nay, hé dao dong c6 3 loai sau:
¢ Dao dong cua hé mdt bac tu do.
% Dao dong ctia h¢ hitu han bac tu do.
¢ Dao dong cua hé vo han bac tu do.
b. Phin theo tinh chit va nguyén nhén giy ra dao dong
Theo céch phan loai nay, hé dao dong c6 2 loai sau:
% Dao dong tu do: 1& dao déng sinh ra do chuyén vi va toc dé ban dau ciia
hé.
<> Dao dong cudng buc: la dao dong sinh ra do cac tai trong dong va
cdc tac dung ddng bén ngodi khdc. Dao dong cudng bic ¢6 rat nhiéu loai: Dao dong
cua h¢ chiu tai trong c6 chu ki, hé chiu tai trong ngr«fm han, hé chiu tai trong di dong,
tac dong cua gio, tac dung cua dong dat,......
c. Phan theo sy ton tai ciia luc
Theo céach phan loai nay, hé dao dong c6 2 loai:
% Dao dong khong tat dan: la dao déng bo qua anh hwéng ciia lwc cdn.
% Dao dong tat dan: la dao déng cé xét dén anh hwéng cia lwc can.
d. Phén theo kich thwéc va ciu tao cia hé
Theo cach phan loai nay, hé dao dong c6 cac loai sau:
* Dao dong cua hé¢ thanh( dam, dan, vom, khung......),
< Dao dong cta tam,
% Dao dong cua vo,
*» Dao dong cua cac khoi mong,
¢ Dao dong cua hé treo,
¢ Dao dong cua cac cong trinh dac biét,.........
e. Phan theo dang phwong trinh vi phan mé ta dao dong
Theo céach phan loai nay, hé dao dong c6 2 loai sau:
% Dao dong tuyén tinh: la dao dong ma phwong trinh vi phdn mé ta dao dong
la phwong trinh vi phdn tuyén tinh.
% Dao dong phi tuyén: la dao déng ma phieong trinh vi phdn mé ta dao déng

la phwong trinh vi phén phi tuyén.



6. BAC TU DO CUA HE DAO PONG

Bac tu do cua hé dao dong la s6 cac tham sé6 déc lap can thiét dé xac dinh a”d‘y du vi
tri cuia tat ca cac khoi lwong cua hé khi dao dong.

Trude hét, ta xét hé véi cac khdi luong tap trung. Trong cac hé nay co thé bo qua cic
luc quan tinh cta thanh va chi tinh dén lyc quéan tinh phat sinh do cac khéi lugng tap
trung. Dé tinh bic tu do, ta dung céac gia thiét sau:

v Coi cac khdi luong tap trung ctia hé 1a cac chit diém.
v' B0 qua chiéu dai co din do bién dang udn.

Vi du: Hé cho ¢ hinh 5

oz

c)
Hinh 5

Néu khong xét t6i gia thiét trén, thi dé xac dinh vi tri ctia khdi luong M can phai ¢o
da ba tham sd 13 y1, Y2, 6. Vay co hé c¢6 3 bac tu do (hinh 3a). Nhung xét ti cac gia
thiét trén, dé xac dinh vi tri cta khéi luong M thi chi can mot tham s6 13 y (hinh 3b),
khi d6 hé chi co 1 bac tu do.

Ta c6 thé xac dinh s bac tu do bang cach: Dit vao cac khdi lugng cua hé cac lién
két laoi mot vira du dé sao cho tit ca cac khdi luong cia hé tré thanh bat dong (hinh
5¢).

Cha y: S bac ty do ciia co hé ¢ thé nho hon, bang, hoic 16n hon s6 khdi luong cua

hé (Hinh 6):

2
—e—=o

b

Hinh 6. Bac tu do



7. CAC PHUONG PHAP XAY DUNG PHUONG TRiNH CHUYEN PONG

Nhiém vu co ban cia bai toan dong luc hoc cong trinh 1a xac dinh su thay ddi cua
chuyén vi theo thoi gian ciia mot h¢ da cho dudi tdc dung cua tai trong dong. Céc biéu
thire toan hoc dé xac dinh cac chuyén vi dong dugc goi 1a cac phuong trinh chuyén
dong cua hé. N6 duogc biéu thi ¢ dang cac phuong trinh vi phan, hodc sai phan
(phuong trinh dao ham riéng), cac phuong trinh nay phan dnh dic trung dao dong cua
hé. Giai cac phuong trinh chuyén dong do6 ta s& xac dinh duoc cac ham chuyén vi can
tim theo thoi gian.

Viéc thiét 1ap va dua ra cac phuong trinh vi phan chuyén dong cta hé 1a giai doan
quan trong nhét trong tit ca su phan tich dao dong cua bat ky mot hé nao. Phuong
trinh vi phan chuyén dong cia hé co thé dugc xdy dung trén co s& phuong phap tinh
hodc dua trén cic nguyén 1y bién phan ning luong. Dudi dy s& trinh bay mot sb
phuong phap sau:

a. Phuwong phap tinh dong ( phwong phap ap dung nguyén ly Palambe)

Phuong phép tinh dong 1a phuong phap ap dung nguyén ly Palambe dbi véi bai
toan dong luc hoc cong trinh. N6 dua vao diéu kién xét can bﬁng luc cua phén tinh hoc
trong d6 bd sung thém cac lyc quan tinh dit vao cac khdi lugng.

Nhu vy, trén co s& nguyén ly Palambe, dé tim phuong trinh vi phan chuyén dong
cua cac khoi luong trén hé, ta chi viéc viét cac phuong trinh can béng luc cua cac khoi
lwong c6 ké dén cac lyc quan tinh ctia ching.

Céc luc quan tinh cua cac khdi luong duge viét mot cach tong quat nhu sau:

d?X(t)

Fua =M =7 =-MX(®

_ dZY(t)__ y
Fy,q_ M dt? - MY(t) (4)
Jug =3 (U) dzj‘;z(t) =3, (W)é, (1

Trong do : M — khdi luong tap trung cua h¢;
X(t), Y(t) — chuyén vi tinh tién cta khdi lvgng M theo phuong x, y;
a, (t) - chuyén vi xoay cta khéi lwong M quay quanh truc u 13 truc vudng
gbc v6i miat phang xOy;

Foor Fq Juq - céc luc quan tinh cua khéi lugng M tuong tmg voi cac

chuyén vi tinh tién theo phuong x, y va chuyén vi xoay quanh truc u;
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J,(u)= I ptdm- 1a momen quan tinh cia khéi lugng M véi truc u, p, 2
M

khoang cach tir phan t6 khéi lugng dm dén tryc u.

Hé phuong trinh chuyén dong viét dbi voi hé phing s& 1a:

DX =Y MX(t)=0
DY =D MY (t)=0 (5)
D3 =D M, (U)é, () =0
Trong do Z X gdm tong hinh chiéu 1én phuwong X cua tai trong dong, luc dan hoi va

luc tat dan tac dung vao khdi luong M.

Tuong ty DY va > J,.

P6i khi, phuong trinh vi phan chuyén dong ciia hé nhan dugc tir viéc tim biéu thirc
chuyén vi cua cac khoi luong do cac tai trong dong, luc tat dan va luc quan tinh dat
vao cac khoi lugng giy ra. Liic ndy, ta hiéu rang toan hé dat trang thai can bang sau
khi d3 bo sung cac luc can thiét vao cac khoi lugng cua hé.

NGi chung ddi v6i da sd cac bai toan dong hoc don gian, phwong phép tinh dong cho
phép thiét 1ap cac phuong trinh chuyén dong cua hé rat thun tién va don gian.
b. Phwong phap sir dung nguyén 1y di chuyén kha di

Khi so d6 két cau cong trinh kha phuc tap, dac biét 1a hé c6 cac khdi luong phan bd
va cac lién két dan hoi.....thi phép ghi truc tiép diéu kién can bang luc cia tat ca cac
luc tac dung 1én hé véi cac dai luong vecto 13 rat kho khian. Khi d6 can phai thiét lap
phuong trinh vi phin chuyén dong tir cac biéu thirc dai lugng vo hudng ciia cong hay
nang luong. Mot phuong phap hop ly dugc st dung tién loi 1a phuong phép dua trén
nguyén 1y chuyén vi kha di (hay di chuyén kha di). Phi hop véi nguyén 1y nay,
phuong trinh vi phin chuyén dong cta hé duoc xac dinh tir biéu thic cong ciia tat ca
cdc lyc trén cdc chuyén vi kha di bang khéng. Dé nhan duoc phuong trinh vi phan
chuyén dong cta co hé, ta tién hanh cac budc sau:

»X4c dinh tit ca cac luc dit vao cac khoi lugng cua hé, trong do ké ca luc quan
tinh dugc xéac dinh phu hgp véi nguyén 1y Balambe.

»Pua vao cac chuyén vi kha di tuong tng véi cac bac tu do cua hé.

>Tinh biéu thirc cong cua tat ca cac lyc trén cac chuyén vi kha di va cho bang
khong.

c. Phuong phap vrng dung nguyén ly Hamilton
11



Véi cac hé phirc tap, ngudi ta con st dung phuong phap tmg dung nguyén 1y bién
phan dong hoc Hamilton. Phuong phap ndy s& dua ra phuong trinh vi phan chuyén
dong tir biéu thic bién phan cac ham ning luong cua hé. Nguyén Iy Hamilton c6 thé

biéu thi nhu sau:

[ ST —U)dt + jf SRdt =0 (6)

Hay : [78(T—U +R)dt =" (6T —0U +5R)dt =0 (7)

Trong d6: ST, SU - bién phan ctia dong ning va thé niang cua hé;

SR - bién phan cong do cac luc khong bao toan tac dung 1én hé giy ra,bao
g6m lyc can chuyén dong va tai trong ngoai.

Phu hop vé6i nguyén 1y nay, bién phan cia dong ning, thé niang cong vai bién phan
clia cong do tai trong ngoai va luc tit dan trong khoang thoi gian bat ky tir t1 dén to
phai bang khong. Sir dung phuong phap nay co6 thé cho phép ta nhan dwoc phuong
trinh vi phan chuyén dong cua bit cr mot hé da cho nao. Phuong phép nay khac véi
phuong phap st dung nguyén 1y chuyén vi kha di & chd : cac luc quan tinh va luc dan
ho6i déu khong c6 mit khi thiét 1ap phwong trinh vi phan chuyén dong, thay vao ching
13 cac gia tri dong niang va thé ning tuwong tng. Voi cac hé phuc tap st dung phuong

phap nay ciing rat tién lgi, bdi vi phuong trinh (6) biéu thi cac dai lugng vo hudng.
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CHUONG 1: DAO PONG CUA HE MOT BAC TU DO
Muc dich:
- Cung cép cho sinh vién nhitng kién thirc co ban bai toan dong luc hoc cong trinh
co bac tu do béng 1 duéi dang dao dong tu do hodc dao dong cudng burc.
Yéu cau:

Sinh vién can nhd lai kién thirc giai phurong trinh vi phan tuyén tinh hé sb hang.

Sinh vién nhan biét viéc md hinh hoa hé mot bac tu do;

- Thiét 1ap dugc phuong trinh vi phan dao dong ctiia hé mét bac tu do;

Giai bai todn dao dong ty do, dao dong cudng birc cua h¢ mot bac ty do trong
mot sb truong hop chiu cac loai tai trong dong;

Thyc hanh trén mo6 hinh dao dong mot bac ty do dé sinh vién nim dugc sy 1am

viéc thuc té cua hé mét bac tu do.
Bai 1:
XAY DUNG PHUONG TRINH VI PHAN DAO PONG TONG QUAT

CUA HE MOT BAC TU DO

1. Cac luc tac dong va cac tham so co ban ciua hé dong hoc
Xét mot mo hinh don gian cho trén hinh 1.1. Hé gom c¢6 mot khoi lugng M chiu tac
dung cua tai trong dong thay d6i theo thdi gian P(t). Hé duoc gin véi vat bat dong bang mot 10
xo dan héi khong trong luong véi do ciing k, va mot bo gidm chan ¢ biéu thi su tiéu hao nang
lugng trong qud trinh dao dong. Cdc con lan dam bao cho khéi lugng chi ¢ thé chuyén vi tinh

tién theo phuong ngang.

Y,

AT P() i 2R
—N P.(t
C AT <)ﬂ7%77797777
Hinh 1.1

Cdc tham soé vdt 1y co ban cua hé dong hoc cho ¢ hinh 1.1 ciing nhu d6i vé6i bat ky hé
két cau dao dong tuyén tinh khdc déu bao gém : khdi luong clia hé, cac tinh chat dan hdi cua
hé nhu : do cling, d60 mém, c6 dac trung tiéu phi nang lugng trong qua trinh dao dong va céac
nguon kich dong ciing nhu céc tac dung dong bén ngoai.

Trong qua trinh dao dong, hé chiu tic dong cla cac luc rit da dang. Cac luc tic dong
cht yéu bao gom :

- Tdi trong dong : thay ddi theo thoi gian va cdc kich dong bén ngoai.

13



- Luc dan hoi: Luc dan hoi xudt hién khi hé tadch khoi vi tri can bang va ¢6 xu huéng dua
hé vé vi trf can bing ban ddu, Iuc nay luon luon twong tng va phu thudc vao chuyén vi dong
cta hé. Ta ky hiéu luc dan hoi 1a Pq.

R, =P(y)

Su phu thuoc cta luc dan hoi vao chuyén vi dong ctia hé c6 thé 1a tuyén tinh hoic phi
tuyén. O céc hé dao dong dan héi tuyén tinh, ta c6:

P, =ky (1)

Trong d6: y 1a chuyén vi dong cua hé; k 1a hé so cing, 1a Iuc do chuyén vi bing don vi
gay ra tuong tng v4i phuong cta bac tu do.

- Luc ma sdt: Luc ndy thudng nguoc chiéu vé6i chiéu chuyén dong va c6 kha nang khir dao
dong clia hé, vi vay nguoi ta con goi luc nay 1a luc can hay luc tat dan. C6 hai loai ma sit: ma
sat trong ( trong vat liéu) va ma sat ngoai ( ma sat tai goc tua va luc can cia moi truong cua hé
dao dong). Ma sdt xuat hién rat 16n trong céc cong cu va thiét bi giam chan dé khir dao dong.
Cic dic trung cta luc ma sat rit da dang va phiic tap. O day ta dua ra mo hinh can nhét tuyén
tinh, trong d6 luc can phu thudc vao van téc cua hé. Nét ky hiéu luc can 1a P. thi :

P =cj (1.2)

Trong d6: ¢ — hé so tat dan; y - van toc dao dong ctia hé.

2. Xay dung phuong trinh vi phan chuyén dong tong quat ctia hé mot bac tu do

Phuong trinh vi phan dao dong téng quét c6 thé dugc xay dung tir mot trong cic phuong
phap da trinh bay & phan md& dau. Ta khao sat dao dong cua hé mot khoi lugng tap trung dat
trén dim don gidn. DAm duoc xem 2 vat thé dan héi khong c6 trong luong. Khoi lugng chiu
tdc dung cla tai trong thay doi theo thoi gian P(t) hinh 1.2, hé ¢6 mot bac tu do - d6 1a chuyén

vi theo phuong ditng y(t), chuyén vi nay xdc dinh vi tri cha khoi luong M.

M -
JR NNV | A
V- Po__----
Pa
Pe

Hinh 1.2
a) Phuong phap tinh dong (phuong phdp ap dung nguyén ly Palambe)
Khi xét diéu kién can bang luc tinh hoc clia khéi lugng M, ta bé sung thém luc quin
tinh :
Ry =-M.y(1) (1.3)
Nhu vay céc luc dat vao khoi lugng bao gom: tai trong dong P(t), luc dan hoi Py, luc
can P. va luc quan tinh P (hinh 1.2).
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Phuong trinh chuyén dong biéu thi su can bing luc clia tat ca cac luc d6é duoc viét nhu
sau :
R+R-FR=PO (1.4)
Thé cac biéu thite (1.1), (1.2) va (1.3) vao (1.4), ta nhan duoc:
My+cy+ky=P(t) (1.5)
(1.5) 1a phuong trinh vi phan dao dong ctia hé mot bac tu do. Phuong trinh nay c6 thé
nhan duoc tir biéu thic viét dudi dang chuyén vi ctia khoi lugng nhu sau :
Néu goi &, 1a chuyén vi tai khéi lugng do luc don vi bang 1 gay ra, thi chuyén vi dong
tuong tng véi su dao dong cua hé 1a :
y(®) =6,,P() +6,R, —oF,
1
Hay : 5—y(t)+I:’C—Pq =P(t)

11

Thay : 1 =k, P. theo (1.2), P, theo (1.3) vao biéu thifc trén ta s&€ nhan duoc (1.5) nhu &
11

trén.
b) Phuong phap dp dung nguyén ly Hamilton
D¢ thiét 1ap phuong trinh vi phan dao dong ctia hé theo nguyén Iy Hamilton, ta cin phai
xdc dinh c4c biéu thifc bién phan clia dong nang, thé ning, cong do luc tit dan va tai trong
dong. Vé6i hé mot bac tu do cho trén hinh 1.1 va hinh 1.2, biéu thic dong nang cta hé dugc

xac dinh boi:
T=ivy = =T sy-mysy (a)
2 oy
Biéu thic thé nang :

Uzlky2 = 5U:Q5y=ky5y (b)
2 oy

Tai trong dong va luc tat dan 1a cdc luc khong bao toan ctia hé, cong clia cac luc nay la:
R=P{t)y—-cyy = OoR=P(t)dy-cyody (c)

Thay cdc biéu thiic bién phan (a), (b), (c) vao phuong trinh clia nguyén 1y Hamilton ta

jf[lvl yoy—cySy—kysy+P(t)sy]dt=0 (1.6)
L4y tich phan timg phan s6 hang dau tién cua (1.6):

t N t . d(é‘y) t . . t t .
L M y§ydt:L1 M det=L M yd(5y) =M y 5y _L M ysydt  (1.7)
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Nhung do: é'y|t:t =5y|t:t =0 nén s6 hang dau tién cha (1.7) bang khong. Vay thé
(1.7) vao (1.6) ta duoc :

Ltz[—M y—cy—ky+P(t)]sydt=0 (1.8)

Vi 8y 1a tuy ¥, nén trong trudng hop téng quat, phuong trinh (1.8) s& thod man khi biéu
thitc trong dau ngodc biang khong. Bi€u thic nay chinh 12 phuong trinh vi phan chuyén dong
(1.5) da nhan dugc & phuong phap tinh dong.

¢) Phuong phdp dp dung nguyén 1y chuyén vi khd di

Khi xay dung phuong trinh vi phan dao dong theo nguyén Iy chuyén vi kha di ta cho
khéi lugng mot di chuyén kha di 8y. Liic nay, mot trong tat ca céc luc tdc dung vao khoi luong
cho trén hinh 1.1b hodc hinh 1.2 déu thuc hién mot cong tuong ting v6i chuyén vi kha di Sy
dé. Ta c6 thé biéu thi cong tdng quét bing phuong trinh sau:

SA=P,5y—P.6y—P, 5y+P(t)sy=0 (1.9)

Thé c4c biéu thite (1.1), (1.2), (1.3) vao biéu thic (1.9) ta duoc:

[-M y—cy-ky+P(t)]sy=0 (1.10)

Vi 8y la tuy ¥, nén biéu thiic trong dau ngodc cua (1.10) phai bing khong, d6 ciling chinh
la phuong trinh vi phan chuyén dong (1.5).
d) Phuong trinh vi phdn chuyén dong khi xét dén trong luong bdn than cia khoi luong
P(t)

M Ye
ST N 4
s =5at Do

Hinh 1.3
Khi tinh dén trong lugng ban than ctia khai luong, trong phuong trinh (1.4) phai tinh dén
trong luc:
G=ky, (1.11)

Trong d6: y. 1a do vong tinh (hinh 1.3). Phuong trinh can bang luc trong trudng hop nay

My+cy+ky=P(t)+G (1.12)
Chuyén vi toan phan y(t) dugc biéu thi bang tong ctia chuyén vi tinh y, do trong lugng

ban than gay ra va chuyén vi dong y(t) :

y(t) =y, +y(t) (1.13)
Pua cac biéu thic (1.11) va (1.13) vao (1.12) ta dugc:
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MVy+cy+ky=P(t) (1.14)
Vi do vdng tinh khong thay déi theo thoi gian, nén : §i(t) = y(t) va y(t) = y(t), do d6 ta
c6 thé viét phuong trinh (1.14) nhu sau :
My+cy+ky=P(t) (1.15)
So séanh cdc phuong trinh vi phan chuyén dong (1.15) va (1.5) ta thdy rang: cac phuong
trinh vi phan chuyén dong nhan dugc tir diéu kién can bing tinh cuia hé dong hoc khong bi anh
hudng bdi trong lugng ban than. Lic nay hé sé dao dong xung quanh vi tri can bang tinh ing
vGi do vong tinh ban dau yr.
e) Phuong trinh vi phdn chuyén dong do su kich dong ciia nén
Su kich dong ctia nén do céc vu dong dat, hodc céc vu nd 16n trong dat gay ra su dao
dong khong thé bd qua dugc d6i v6i nha va cong trinh. Dic trung co ban clia tai trong dong
dat 1a chuyén vi ngang rit 16n clia nén cing vdi gia téc clia né. Mo hinh don gian vé su dao

dong ctia nha do tdc dung ctia chuyén vi & nén cho trén hinh 1.4.

<2V .
% | e
j ——

/ / <_
4 4 Pd/2 Pc

|

i

|

|

i k2| / — ki
| , [=lc / b)
|

i

[

i

i

nlt])

a)
Hinh 1.4
Gia thiét rang: thanh ngang ctia khung c6 do cing bang vo ciing, khoi lugng cua toan bo
két cau tap trung & thanh ngang M. Chuyén vi ngang clia nén 12 y(t) (so v6i mot truc tinh todn
ndo do6), sé gay ra su dao dong cta khung biéu thi bang chuyén vi ctia khéi lugng M theo
phuong ngang. Hé c6 mot bac tu do 1a y(t). Hai thanh ding dugc xem la khong trong luong va
khong chiu nén doc theo phuong cuia cdc thanh. Luc cdn dan héi d6i véi chuyén vi ctia thanh
ngang dugc dic trung boi do ciing dan hdi & mdi thanh ditng k/2. Luc can tat din dugc biéu thi
bing do giam chan c.
Phuong trinh can bang luc cta hé: (hinh 1.4b)
FR+R-FR=0 (1.16)
Chuyén vi toan phan cta khéi lugng so véi truc tinh toan do kich dong clia nén gay ra
la: (hinh 1.4a)
2V =Y +y® (1.17)
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Trong dé y(t) 1a chuyén vi clia ban than két cau tinh tai vi tri khéi luong theo phuong

ngang. Nhu vay, luc quan tinh ctia khoi luong M la:
P,=—M (yn(t)+y(t)) (1.18)
Céc luc dan héi va luc can chi lién quan dén chuyén vi y(t) cua hé: P, =ky, P =cy.
Thay cédc luc nay vao (1.16) ta nhan duogc:
Myt)+cyt)+kyt)+M y (t)=0 (1.19)
Ta dat : B,(t)=—M ¥, (t) - nhu tai trong tic dung 1én hé va gay ra dao dong cua h¢, tai
trong nay bang tich ctia khoi luong véi gia téc cuia nén. Dau am biéu thi tai trong d6 nguoc

chiéu véi gia téc ctia nén. Khi d6, phuong trinh (1.19) duoc viét lai nhu sau :

M yi(t) +cy(t) +k y(t) =R, (t) (1.20)
Bai 2
DAO PONG TU DO KHONG CAN
Xét hé mot bac tu do (hinh 1.5). Néu tach hé dan hoi .9
ndy ra khoi vi tri can bing véi chuyén vi ban dau cua ’_,/”/:___.TVO —_
khoi luong y,, hoac tac dong 1én hé mot xung luc nao ﬁ S ::” _________ oM e
do6 dac trung bai toc do ban dau v,, thi khoi lugng s€ a T

dao dong. Cdc dao dong chi sinh ra do cdc kich dong

ban ddau nhu vdy duoc goi la dao dong tiw do. Cac dao dong nay duoc thuc hién bai cdc luc dan
hoi phat sinh trong hé do cédc kich dong ban dau. Véi cac dao dong tu do, tai trong khong ton
tai trong qué trinh dao dong cuia hé, vi vay vé€ phai clia phuong trinh vi phan dao dong téng

quét hé mot bac tu do (1.5) biang khong. Phuong trinh vi phan dao dong tu do ¢6 dang:

My+cy+ky=0 (1.21)
Khi khong c6 can ¢ = 0, phuong trinh vi phan dao dong sé la:

My+ky=0 (1.22)
Phuong trinh trén duoc viét lai:

Y+’ y=0 (1.23)
Trong dé: o = % (1.24)

Phuong trinh trén 1a phuong trinh vi phan cap hai hé s6 hang s6. Phuong trinh dic trung
ctia no la:
A+’ =0
Nghiém ctia phuong trinh dac trung 1a : 4 =+i®. Vay nghiém ctia phuong trinh vi phan
(1.23) c6 dang:
y(t) =C, sinwt +C, cos wt (1.25)
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Trong d6 C;, C;1a céc hing s6, duoc xdc dinh tir di€u kién ban dau.
Chéng han ban dau: t=0: y(0)=y,_, y(0)=v,. Thay (1.25) vao diéu kién ddu, ta xéc

dinh duoc :
C=—; C,=Y,
Tt d6 suy ra nghiém (1.25) c6 dang :
y(t) = VE"sin wt + y, coswt (1.26)

Nghiém (1.26) c6 thé viét lai dudi dang:
y(t) = Asin(wt + @) (1.27)

2
Trong d6: A=,|y’ +(V—°j . @=arctg Do
w v

Nhu vay, nghiém mo ta quy luat chuyén dong ctia hé (1.27) ¢6 dang hinh sin, 1a mot
ham diéu hoa.
Trong nghiém (1.27): A —1a bién do dao dong;
ot + @ -1a pha dao dong,
¢ — pha ban dau,
@ - tan s6 vong cua dao dong.
Dudi day ta sé xét chu ky va tan so cua dao dong diéu hoa:
- Chu ky dao dong: ky hiéu 1a T, 1a khoang thoi gian cin thiét dé thuc hién mot dao dong
toan phén, nghia 1a: chu ky 1a thoi gian d€ khoi lugng 1ap lai qua trinh dao dong nhu trudc. Ta

7

CO:
T=2 (5
Q)

- Tan s6 dao dong: ky hiéu 1a f, 1a s6 1an dao dong trong mot giay:

1 w
f===— (/s
T 27r( )

- Tan s6 vong, hay tan s6 dao dong riéng: ky hiéu l1a , 1a s6 1an dao dong trong 27 giy, vi
vay ® goi la tan sé vong hay tdn s6 tudn hoan cua dao dong riéng va goi tit 1a tdn so dao
dong riéng.

Cong thitc xac dinh tan so dao dong riéng:

1. Tir cong thic (1.24) va bién ddi cong thitc nay ta cé cong thic x4c dinh tin

a,:\/zz / 1 =\/§ (1.28)
M Mo, \V
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Trong d6: k —hé s6 cing cua hé,
g — gia toc trong truong,
y: — chuyén vi ctia khéi lwuong M do luc G = Mg tac dung finh tai vi tri khoi
lugng gay ra.
Tir cong thiic (1.28) ta thay rang: Tan s6 dao dong riéng clia hé khong phu thudc vao
cac kich dong ban dau, n6 chi phu thudc vao khai lugng va do cing cua hé.
2. Xéc dinh tan s6 dao dong riéng cua hé dan héi bang phuong phdp nang
lugng.
Phuong phap nay dua trén dinh luat bao toan nang luong: Trong qua trinh dao dong,

téng dong nang va thé niang cta hé 1a mot dai luong khong doi:

T+ U=C=const (1.29)
Biéu thtic dong niang cta hé :
1 .., 1
T:EM yZ:EM o’y cos’ (wt + @) (1.30)
v 2
Trong dé: Yiae = A=, | V2 +(—°j
@
Thé nang cua hé:
_ 1 2 1 2 ain2
U_Eky _Ekymaxsm (ot + @) (1.31)

Tir (1.30) va (1.31) ta thdy rang: trong qud trinh dao dong ctia hé, khi th€ nang bién
dang cua hé dat gid tri 16n nhat thi dong nang clia hé bang khong, va nguoc lai : dong ning
cuia hé dat gid tri 16n nhat thi thé nang ctia hé bing khong. Do d6, phit hop véi biéu thiic cuia

dinh luat bao toan nang luong ta co:

Toax +0=C
va 0+ Unu=C
Tl d6 suy ra : Tiax = Unax (1.32)
T (1.31) tathdy : U, :%k - (1.33)
N = T 1 2 2 IS z T 1 2
Tu(l.30)tadat: T = > My, . Cos“(wt+@). Thitaco: T, . = > My (1.34)
Do d6 : T =@ T o
Thé cac biéu thitc trén vao (1.32) ta dugc:
U
o = |=mex 1.35
= (1.35)

max

V6i Unax duoc tinh theo (1.33), con 'rmax dugc tinh theo (1.34).
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<> Trong trudng hop téng quat, néu hé c6 mot s6 khoi lugng tap trung va mot s6 cac

lien két dan héi thi Unax va T, duge xdc dinh nhu sau:

1< A .
U, = EZ K: Y7 ax » m 12 56 lién két dan hoi.
i=1
T 1< 2 . . e R
Tk = 3 M ; ¥ nax » 1 12 80 Khoi lugng tap trung.
j=1

<> Dai v6i hé ¢6 khoi lugng phan bd, dang dao dong xay ra phut hop véi duong dan

hoi X(x), ta ¢6 cac cong thitc xdc dinh dong nang 16n nhat va th€ nang 16n nhat nhu sau:

1 [ N2
U, =§Zj0 EJ, [X ()] dx

_ 1 |
T =EZLMXX2(X)dx.

ddu X 14y véi tat ca cac thanh trong hé.
Vi du 1: Xdc dinh tdn s6 dao dong riéng cua hé cho trén hinh 1.5. Hé gém khéi luong tap

trung M dat tai giira dam.

EJ M
® 8
’% 1/2 | 112 | Hinh 1.5
| “1
Giai: |
Tru6c hét, ta xdc dinh chuyén vi do luc don vi dat tai khoi lugng M theo phuong dao
dong cua hé: P=1
Y
\ P

Béng cong thic tich phan MO hay phuong phap nhan biéu d6 Vérésaghin ta tinh dugc:
|3
S. =
" 48EJ

Tir d6, ta suy ra tan s6 dao dong riéng cua co hé :

1 48EJ
= =
MS, \MP

Vi du 2: Xac dinh tan s6 dao dong riéng ctia hé cho trén hinh 1.6, cho biét do ciing cua lién

két dan hoi 1a k, dam cing tuyét doi EJ = oo.

Mi Ej-0 A Mg

B
@ @
i 2 -
1/2 /2 L /2 | Hinh 1.6




Heé c6 hai khéi luong nhung chi ¢c6 mot bac tu do. Tham s dac trung cho dao dong cua
hé c6 thé chon la géc xoay tuong doi tai g6i twa bén phai o, d6 chinh 1a chuyén vi téng quat
cua hé.

D¢ xdc dinh &, trong trudng hop ndy ta can dat vao goi tua B mot mémen don vi M = 1
(vi chuyén vi 1a géc xoay). Momen nay gay ra phan luc g6i A bing 1/1, phan luc tai goi A

twong ting tao nén chuyén dich thing ding theo phuong ding tai goi A 1a 1/(kl). Do dé,

chuyén vi don vi la: &, =—

Momen quan tinh cua khoi luogng trong truong hgp nay tinh nhu sau:

2 2
s3] (2] (2w, 2

Tir d6 suy ra tan soO riéng ctia hé:
1 kl? , k
= = :2
Npyon |2(9M1+1M2) M, +M,
4 4

Cdch 2: Sit dung phuong phap nang luong.

Hé ¢6 1 bac tu do, chuyén vi ciia cac khéi luong ctia hé dugc biéu thi qua chuyén vi tai

vi tri lién két dan hoi.

_ 1 1 3 Y 1Y
T ==3SMy> ==|M,|= +M,| =
max 2; |y|,max 2|: 1(2yj thyjj|

Tén s6 dao dong riéng clia co hé:

Umax k
o= |2 =2
Thoax 9M, +M,

<> Chii y: Khi ké dén anh hudng cla trong luong ban than, thi phuong trinh vi phan

dao dong tu do (1.22) dugc bé sung thém trong lugng ban than G:
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MVy+ky=G (1.36)

Tir d6 ta c6: §i+a)2y:E

M
Nghiém ctia phuong trinh nay dugc tim duéi dang:
y(® =y, +y()

Trong d6 y(t) 1a nghiém téng quat clia phuong trinh thuan nhat, con y, 1a nghiém riéng
cuia phuong trinh khong thudn nhat. Nghiém téng qudt ctia phuong trinh thuan nhat dugc xdc
dinh theo (1.27):

y(t) = Asin(at + @)
Con nghiém riéng chinh 1a chuyén vi tinh do trong luong ban than khéi luong gay ra:

G
M o°

Yi =G 511

Vay phuong trinh dao dong tu do khi ké dén trong luong ban than c6 dang:

G
M @?

y(t) = + Asin(at + @) =G 5, + Asin(at + @)

Nghia 1a, khi tinh dén trong luong ban than, dao dong cua hé s€ xay ra xung quanh vi tri
can bang tinh.
Bai 3
DAO PONG TU DO CO CAN
Bat ky mot qua trinh dao dong nao cua hé dan hoéi trong thuc t€ déu chiu anh hudng cla
luc can. Luc can xuat hién do nhi€u nguyén nhan khac nhau va anh hudng cua ching dén cac
qud trinh dao dong 1a rét phiic tap. Trong tinh todn dao dong ké dén tdc dung clia luc can, c6
nhiéu tdc gia dua ra cdc gia thiét khac nhau vé luc can. C4c gia thié€t nay phi hgp véi nhiing
diéu kién thuc € nhat dinh va cho phép dam bao do chinh x4c clia cdc két qua tinh todn. O day
chi dua ra mot s6 gia thiét co ban nhu gia thiét luc can ty 1é véi van t6c chuyén dong ctia Phoi
(can nhét), gia thiét luc can ma sat kho cua Culong.
1. Dao dong tu do cé can nhot
Gia thiét chia Phoi xem rang: luc can céc qud trinh chuyén dong ty 1& v6i van toc chuyén
dong. Luc can trong truong hop nay duogc xac dinh theo:
P.=cy (1.37)
Phuong trinh vi phan mo ta dao dong tu do c6 can nhét duoc cho bai:
My+cy+ky=0 (1.38)
Phuong trinh trén duoc viét lai nhu sau:
V+2ay+w’y=0 (1.39)

Trong d6: 2a=c/M .
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Phuong trinh (1.39) c6 phuong trinh dac trung:
A+ 200 +w° =0

Nghiém ctia phuong trinh dac trung la:

ha=-ata - =~ /(m) e (1.40)

Nghiém ctia phuong trinh dac trung (1.40) phu thuoc rat nhiéu vao hé so tat dan ¢ cua
hé. Cong thitc (1.40) x4c dinh gid tri A phu thudc vao d4u ctia biéu thiic trong cin : duong, Am
hay bang khong.

Pé thuan tién cho viéc nghién citu, ta xét trudng hop gidi han 1a trudng hop biéu thic
trong can cua (1.40) bang khong, khi d6: ¢/2M = whay a = o.

Hé s6 ciing ¢ tGng véi trudong hop gi6i han nay goi 12 dai luong tdt dan gidi han va ki
hiéu 1a ¢*, ta c6: c* =2Mo (1.41)

Dé tién cho viéc khao sat, ta dua vao khai niém tham so'tdt ddn ¢ :

C C

C*=2Ma)

(1.42)

Khi : € =0 : truong hop khong xét dé€n anh hudng cua luc can.
€ =1 :tng vdi truong hgp luc can téi han,
€ <1 :ng vai truong hop luc can nho,
€>1 :ung véi truong hop luc can 16n.
Ta 1an lugt khdo sat cac truong hop nay:
a) Truong hop luc can nho (e < 1):
Thé biéu thiic (1.42) vao (1.40) ta duoc :

A, =—wety(we)’ - 0’

Khi g <1tacé: A, =—wetw,i (1.43)

Trong d6: @, = o\1-¢&° (1.44)

@, goi 1a tan s6 dao dong tu do khi tinh dén anh hudng cua luc can.

Doi v6i cdc két cu xay dung thong thudng, tham s6 tat dan : € < 20% do d6 su khac
biét gifta tan so riéng khi tinh dén va khong tinh dén luc can 12 khong ddng ké.

Nghiém ctia phuong trinh vi phan mo ta chuyén dong ctia hé trong trudong hop nay:

y(t) = Dt N 4 D,gt N e (D' + D,e ™) (1.45)

Biéu thiic trong ngodc cta (1.45) biéu thi dao dong diéu hoa don gian. Ta c6 thé viét

nghiém nay duéi dang luong giéc:

y(t) =e ™ (Asinaot+ Acosot) (1.46)
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Trong d6 céc hing s6 A; va A, duoc xéc dinh tir diéu kién ddu. Gia st tai thoi diém ban
daut=0: y(0)=vy,, y(0)=v,.
Thay nghiém (1.46) vao diéu kién dau 6 trén, ta xac dinh duoc:
V, + wey,
A==, A=Y,

@

Nhu vay suy ra:

Vv, + wey,

y(t) =" ( 0 sinat + yocosa)ctj (1.47)

c

Biéu thitc nghiém (1.47) c6 thé viét lai du6i dang nhu sau:

y(t) = Ae™'sin(at+¢,) (1.48)
2
Trong d6: A= \/yg +[MJ , @, =arctg _ DY, )
(O V, twey,

Tu biéu thitc (1.47) hodc (1.48) ta nhan thay dao dong c6 luc can 1a dao dong tat dan.
Dang do thi ctia dao dong tit dan cho & hinh 1.7:

ES

o.8

o.e

o.a

o.z2

— o

-0.2

0k

Hinh 1.7

Chu ky cua dao dong khi c6 luc can la:

_2_7[_ 27

T, —(9) (1.49)
2 a)\/l—gz
Tan s6 dao dong:
’ o2
=t =22E () (1.50)

T 2
Qua @6 thi hinh 1.7 ta thdy: dao dong c6 xét dén anh hudng cla luc can 1a dao dong diéu
hoa, nhung bién d¢ giam dan theo thoi gian v6i quy luat s6 mil am va né tiém can dan dén

khong. Ta néi chuyén dong trong trudng hop nay 1a dao dong tét dan.
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Ban chat ciia tham s6 tat dan d6i véi cac hé két cau xay dung thong thuong rat phic tap,
va viéc xac dinh n6 khong don gian. Tuy nhién, ta c6 thé bi€u thi su tit din dao dong cua cdc
hé thitc du6i dang cac hé s6 tuong duong, céc hé s6 nay sé xac dinh rd do tat dan cla cic bién
do dao dong. Muon vay, ta xét ty sO gitta hai bién do mang gia tri duong cach nhau mot chu

ky T 1a yn va ynui :

—wst Sl
yn A e 27e o

y = Ae—a)&(t+Tc) =€ (151)
n+1
Tur biéu thic (1.51) ta suy ra:
S=ind —272 (1.52)
yn+l @

& 1a hé s6 biéu thi toc do tit dan va dugc goi 1a do suy gidm Loga (do tat Loga). Chd y dén
2re
J1-&

Khi luc can nho, ¢6 thé tinh gan ding (1.53) theo cong thic sau :
o ~2ne (1.54)

(144)tacod: 0= (1.53)

T doé suyra: ¢= i (1.55)
2

V6i su gan ding cha do suy gidm 16ga xac dinh theo (1.54), ta ¢ thé biéu thi quan hé
(1.51) duéi dang:
2
In _ i gt :1+2ﬂ8+@+....
yn+l 2|
Khi cdc gid tri tham so tat dan 1a nho ta chi can giit lai hai s6 hang dau clia chudi trén

vin c6 thé dam bao do chinh xac. Khi d6 ta nhan dugc:

g=ds o (1.56)

2 Yo

Vi du: X4c dinh cdc dic trung dong hoc va bién do dao dong sau 5 chu ky ctia hé tat

dan cho & hinh vé 1.8. Khai lugng M chiu tiac dung cua luc kich dong P, sau d6 bo di mot cach

tic thoi. Trong thoi gian duy tri tai trong véi P = 90kN chuyén vi ctia khéi lugng dat duoc

0,5cm. Khi tai trong mat di dot ngot, chuyén vi cuc dai dau tién clia khoi luong bing 0,4cm.
Thoi gian cta chu ky d6i vé6i hai chuyén vi nay T = 1,3s.

P
% b

=t

Hinh 1.8
Giai:
Day 1a dao dong tu do ¢6 can. Céc dic trung dong hoc ctia hé bao gom: khéi lugng, tinh
chét dan héi, tan s6 dao dong, tham s6 tat dan va hé so tat dan.
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- Xac dinh khoi luong cta hé:

Ta c6: Do ciing ctia hé dan héi la : k=§=9—05=180(kN/cm)
2 2
Talaico: T=2F —27[/M oM T) k(28) 180 77| KN
W k 2 272' cm

- Tan s6 dao dong riéng: @ = 2_|_—” = ]2._7::’ =4,833(rad /s)

- Xéc dinh tham s6 tat dan:

Do suy giam Loga: ¢ = In Yo — In% =0,223

n+l !

Tham s tat dan: ¢ = i 0,223 =0,0355
27 272'

- Xdc dinh tan s6 o,

o, = o1& = 4,833,/1-0,0355” = 4.829 (rad / s)
- Heé so tat dan:
C=s0*=£2Mm=0,0355.2.7,7.4,833 = 2,642 (kN.s/ cm)
- Bién do dao dong sau 5 chu ky dao dong:
Y, =Y, e =0,5e"%? =0,1638(cm)
Hoic c6 thé tinh theo cong thic:

Y = yo(le -0, 5(0 4j —0,1638(cm)
Y, 0,5

b) Truong hop luc cdn lon (¢ > 1)
Truong hop nay nghiém cua phuong trinh dac trung la:
A, =-—wetane® -1

Tir d6 suy ra nghiém ctia phuong trinh vi phan trong truong hop nay ¢6 dang:
y(t) — ef(ugt (A& ew £2-1t + AZ efw gzlt) (157)

Trong d6 A, va A, 1a cdc hing s6 dugc xéc dinh tir diéu kién dau.

Ta con c6 thé biéu dién nghiém (1.57) dué6i dang:
y(t) = Ae sh(a)\/gz _1t+ (p) (1.58)

Cong thitc (1.58) cho thdy rang: chuyén dong cta hé trong trudng hop luc can I16n 12 cic
chuyén dong tit dan khong dao dong. Cdc dang chuyén dong nay c6 thé xdy ra & nhitng dang
khac nhau, nhung déu dan tiém can dén vi tri can bang ban dau. Cdc dang chuyén dong clia he
duoc mo ta trén hinh vé 1.9:
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Ay Ay Ay
Vo Yo Yo
yO VJ] V0:0
o 0 X; Xk
Hinh 1.9

¢) Truong hop luc can téi han (e = 0)
Trong trudng hop nay nghiém cuia phuong trinh déc trung 1a thuc, Am va bang nhau:

A,=—we
Khi d6 nghiém clia phuong trinh vi phan chuyén dong ctia hé s& Ia:
y(t) =e (A +AL) (1.58)

Céc hang s6 A; va A, dugc xdc dinh tir diéu kién dau.
Tait=0, y(0)=y,, y(0) =v,. Khi dé:
A=Y, A =V, Ty,
Do dé: y(t) =e [y, + (v, + wey, )t] (1.59)
Chuyén dong ctiia hé trong trudng hgp nay ciing khong tuan hoan, ta néi chuyén dong
cua hé 1a chuyén dong tat dan khong dao dong.

2. Dao dong tu do ¢6 can kho
Luc can kho theo gia thiét ctia Culong phu thuoc vao van téc cta chuyén dong, luc can

kho ¢6 chiéu ngugc véi chiéu chuyén dong. Luc can kho ky hiéu 1a: Fis.

ANNNNNNNNY
i
1
1
1
1
1
1
1
1
\\
z|
——@
IS
o

Hinh 1.10
Phuong trinh vi phan chuyén dong tu do ctia hé trong trudng hop nay c6 dang:
My+ky=%F_ (1.60)
Suy ra: y+a)2y=i% (1.61)

Nghiém cua phuong trinh (1.61) c6 dang:
y(t) = Asin(at + @) £ 0, F, (1.62)



Bai 4
DAO PONG CUGNG BUC CUA HE CHIU TAI TRONG PIEU HOA

1. Truong hop khong co luc can
Phuong trinh vi phan dao dong cuia hé mot bac ty do chiu kich dong diéu hoa
P(t) =P, sinrt trong truong hop nay cé dang :
My+ky=P, sinrt (1.63)
Trong d6 Pm 1a bién dd cua tai trong, r 1a tan sb vong cua lyc kich dong.

P(t) = Pmsinrt

1 M
/| Hinh 1.11

Nghiém cua phuong trinh (1.63) bao gbm nghiém ciia phuong trinh vi phan thuan nhét
va mot nghiém riéng cua phuong trinh c6 vé phai.
Nghiém ctia phuong trinh vi phan thuan nht 1a:
Y,, (t) = Bcosat + C sin wt (1.64)
Cac héng s6 B, C duoc xé4c dinh tir diéu kién dau.
Nghiém riéng ctia phuong trinh ¢ vé phai la:
y, (t) =Dsinrt (1.65)
Thé (1.65) vao (1.63) ta xac dinh duoc:

Vay nghiém tong quat ctia phuong trinh vi phan dao dong (1.63) 1a :

y(t) =y, )+ Yy, (t) = Bcosat + C sin wt +%%sin rt (1.66)

1-| —
@

Gia st diéu kién ban dau: t = 0; y(0) = 0 ; v(0) = 0, ta xac dinh duoc:

Thay céc hang s6 nay vao phuong trinh (1.66) ta nhan dugc:
y(t):%%(sin rt—Lsin cotj (1.67)

r w
1—-| —
0]
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Nghiém (1.67) gom hai thanh phan: mot thanh phan dao dong ung vdi tan sb cta dao
dong diéu hoa r, va mot thanh phﬁn dao dong ung voi tan sd caa dao dong tu do w. Ta biét
rﬁng trong thyc té, cac dao dong déu chiu anh huong cia lyc can, mac du lyc can giy anh
huong khong dang ké dén tan sé dao dong riéng, nhung khi di ¢ luc can, thi lwc can du nho
cling s& lam tat dan phan dao dong tu do sau mot thdi gian ngin dao dong. Sau d6 hé s&
chuyén sang thoi ki dao dong 6n dinh (hay con goi 1a binh 6n) c¢6 chu ky tmg véi chu ky cua

tai trong diéu hoa:
P .
y(t) :?m%sm rt (1.68)
1-| &
A P \ A . . A LN A 5 5. A N s
Ta thay ?m =Y, la chuyén vi tai khoi luong do bién d¢ Pm cua tai trong diéu hoa tac
dung tinh gay ra, do d6 ta c6 thé viét:

y(t)=y; ;Zsin rt (1.69)
r

Trén hinh 1.12 mé ta dao dong cudng buc cta hé chiu tai trong diéu hoa trong trudng

hop tan sb cta luc kich thich nho hon tan sé dao dog riéng r < .

A Yinax = Yr 3
y(t) / 1—(;)
A
0 > >
t
Tr =2l
" Hinh 112

Phuong trinh dao dong (1.69) c¢6 chira chuyén vi tinh yT s& dit ra van dé vé sy lién quan
giita chuyén vi dong y(t) v6i chuyén vi tinh yt d6. Sy lién quan nay dugc xem xét tir hé s6
dong luc theo thoi gian va hé sé dong.

Hé s6 dong theo thoi gian: K(t).
Hé s6 dong theo thoi gian 1a ty sb giita chuyén vi dong tmg vdi trang thai chuyén dong
cua hé véi chuyén vi tinh do bién d¢ cua tai trong dong tac dung tinh gy ra.

k()= X0 (1.70)

Yo

Hé s6 dong: Ka.
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Heé s6 dong 1a ty sd giita chuyén vi dong cuc dai cta trang thai chuyén dong v6i chuyén
vi tinh do bién d0 cua tai trong dong tac dung tinh gay ra:
K, = Yimax
Yr
Tur @6 suy ra:  Kg = K(t)max (1.72)

(1.71)

Vi truong hop hé chiu tdc dung cua tai trong diéu hoa, dé tinh hé sb dong theo thoi
gian, ta thay (1.69) vao (1.70) ta s€ duoc:
K(t)y=n" (1.73)
-

2

Con hé sé dong tng v4i trang thai dao dong diéu hoa:

Ky = Rl (1.74)

Aot 1 A 1K 1A A aA , x I A 1n ~
Do thi bicu dien h¢ so dong theo ty sO0 — dugc cho trén hinh v& 1.13.
1)

A Kd
r<om
1 \
Q)
0 1 >
— r>wm
r=o
Hinh 1.13
Qua db thi ta thay:

Khi:rlo>1,thi Kg<0

Khi:0<r/w<1,thi K, >21.

Khi :r~®, K¢ co su bién d6i rat nhanh, va r = o thi Ky =0, lic nay Xuét
hién hién twong cong huong: chuyén vi ctia hé s& 16n vo cing. Phai hét stc tranh hién tuong

cong huong, trong thiét ké nguoi ta thuong xac dinh sao cho sy khac nhau cta cac tan sb r va
® khong dudi 25%.

Vay, hién twong cong huwong la hién tuwong ma bién do dao dong cuong burc tang lén rat

[om do tan so cua lyc kich dong trung voi tan so cua dao dong tu do.
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2. Truong hop cé can
Trong phan nay ta chi gidi han xét cho trudng hop can theo gia thiét ciia Phoi, tirc xem
réng luc can ty I¢ voi van tde. Phuong trinh vi phan dao dong cua h¢ chiu tac dung cua tai
trong diéu hoa co can la:
My+cy+ky=PR,sinrt (1.75)

Phuong trinh trén con duogc viét dudi dang:

V+2we Y+ 0’ y:%sin rt (1.76)

Trong do: ¢ = .
2Mw

Nghiém ctia phwong trinh (1.76) bang tong nghiém cta phuong trinh thuin nhit va
nghiém riéng ctia phuong trinh c6 vé phai.
O day ta xét truong hop luc can nho. Nghiém thuin nhét ctua phwong trinh vi phan
(1.76) co6 dang:
Yo (1) =7 (Bsin ot + Ccos ot (1.77)

Nghiém riéng dugc tim dudi dang:
y, (t) =D,sinrt+ D,cosrt (1.78)
Thé biéu thirc (1.78) vao phwong trinh (1.76) 1di so sanh cac hé sb cua sinrtva cosrt,

ta rit ra hé hai phuong trinh dai s6 tuyén tinh dé xac dinh Dy va Do:

D,(L- 4~ D, (256) =2
D, (1~ )+ D,(256) =0

(1.79)

Trong do : ﬁ=L.

@
P, 1-p°
S (1-7) +(258)
Giai hé phuong trinh (1.79) ta dugc:
_ P -2¢f
Tk (1) +(268)

Thé cac hang sb nay vao (1.78) ta s& nhan duoc biéu thic nghiém riéng cua phuong
trinh vi phan (1.76), va tir d6 ta c6 nghiém tong quat ctia phuong trinh (1.76):
P

m

y(t)=e"(Bsinat+Ccosw,t)+ 2? ~| (L—B%)sinrt—2spcosrt (1.80)
(1-8°) +(228) [ ]
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Thanh phan thir nhat ctia vé phai cta (1.80) chira nhan tir e biéu thi dao dong tu do
tat dan. Thanh phén thr hai c6 cung tan sd voi tan sb cua luc kich dong biéu thi dao dong
cudng birc, n6 dic trung cho qua trinh chuyén dong 6n dinh (hay binh 6n) cia hé.

Hé s6 dong trong trudng hop nay:
Ky = L (1.81)
J@- B +(25P)’

Ta thay: H¢ s6 dong phu thudc vao ty so céc tan so cua tai trong diéu hoa vai tan so dao

dong riéng B va tham sb tit dan e. D) thi phu thudc cua Kg vao B khi € thay ddi cho & hinh
1.14:

Hinh 1.14

3. Thwe hanh trén m6 hinh phong thi nghiém dao dong hé mgt bac tw do

Tai phong thi nghiém Khoa Xay dung va Moi trudng dang c6 mot s6 thiét bi dé thuc hanh
mo hinh hoa h¢ mot bac ty do chiu tac dung cua lyc cudng birc dudi dang hinh sin. Sinh vién
c¢6 thé dugc giao viée thao tic va van hanh thiét bi, doc két qua va xur Iy két qua bai toan dao
dong cudng burc chiu tai trong diéu hoa. Viéc thyc hanh nay s€ dugc hudng dan cu thé thong
qua Giang vién tryc tiép giang day va can bo thi nghiém. Céc tai liéu hoc tap va quy trinh thi

nghiém s& dugc cung cap cho sinh vién khi tién hanh thi nghiém.
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Bai 5
DAO PONG CUONG BUC CHIU TAC DUNG CUA TAI TRONG CO CHU KY
1. Biéu thi tai trong ra dang chudi Fuaier
Trong thuc té ta hay gip cac luc kich dong c6 chu ky (kich dong tuan hoan). Nhu da
biét trong giai tich toan hoc, ham P(t) tuan hoan chu ky Tp bao gio ciing co thé khai trién

thanh chuoi Fuarier:

P(t)=a, +§S acos———t+b sin 22N (1.82)
TP TP
Trong d6 : Tp 12 chu ky cuta luc kich dong (tai trong). Cac hé s6 ao, an va b dugce tinh
nhu sau:
1%
a,=— [ P(t)dt @)
po
2 270
=T— j P(t)cos Ltdt (b) (1.83)
P
:—j P(t)sm@tdt ©)
p
A
Pm

v

Tp Tp

g

Hinh 1.15
2. Dao dong ciia hé chiju tai trong biéu thi & dang chudi Fuarier
Tai trong c6 chu ky tuy v khai trién chudi Fuarier x4c dinh theo (1.82), trong d6 bao
gom tai trong khong ddi (14 tai trong trung binh duoc biéu thi bang hé s6 ao xac dinh theo
(1.83)) va cac chudi tai trong diéu hoa véi cac bién do an, bn va cac tan s6 r1. Tir d6 ta c6 thé
viét duoc phuong trinh dao dong khong can tuong tmg véi cac thanh phan tai trong sinrt va

cosrt ctia chudi (1.82) nhu sau:

b
t)y=-"1
Y, () "

>-sinnrt

n
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a 1
t)=-—"1 cosnrt
yn() k 1_ﬂ2 1

n

Dao dong twong Gmg v6i thanh phan tai trong khong d6i a, duoc biéu thi biang d6 vong

tinh: Yy, = ?"
Cudi cung, dao dong cua hé chiu tai trong c6 chu ky s& bang tong cac dao dong tmg véi

ting thanh phan khai trién cta chudi tai trong:

0

y(t) :%[ao+zl 1,32 (a,cosnrt+b,sinnrt) (1.84)
n=1+"

n

Trong trudong hop c6 xét dén anh huong cua luc can, dao dong cudng birc ciia hé mot
bac tu do chiu tac dung cia tai trong tuan hoan dugc tinh bang tong cac dao dong tuong Gng
vOi cac thanh phén khai trién cta chudi tai trong dugc xac dinh theo (1.82), nhung biéu thuc
dao dong ng voi mdi thanh phan tai trong diéu hoa duoc tinh theo (1.80). Dao dong toan

phan cua hé ¢ ché do binh 6n sé la:

{[bn Q-B)+a, 28,Bn]sin nrt +[an (-3 -hb, Zgﬂn]cos nrlt}}
(1.85)
Bai 6
DAO PONG CUA HE CHIU TAC DUNG CUA XUNG TUC THOI

1. Phuong trinh dao dong tong quat

Khi tai trong dong ngan han tic dung 1én cong trinh ma thoi gian duy tri tai trong khong
vuot qua 25% chu ky dao dong riéng cua két céu, thi tai trong ngén han d6 dugc goi la tai

trong xung tic thoi.

Khi hé chiu tac dung ctia xung tirc thoi, nghia la trén hé khong tdn tai sy c6 mit cua tai
trong dong. H¢ dao dong duoc 1a do h¢ da nhan dugc mdt van tdc nao d6 ma tai trong xung
truyén cho hé. Vi vay, dao dong cia hé¢ dudi tdc dung cua cac xung tirc thoi la dang dao dong
tu do. Nhu da biét, phuong trinh dao dong tu do trong cac trudng hop xét dén va khong xét
dén anh huong cua luc can duoc viét theo cong thire (1.48) va (1.26). Trong cac cong thire do,
néu xem rang: tai thoi diém xung tac dung, d6 vong tinh ban diu bang khong (y(0) = 0), thi
van dé ¢ day 1a phai xac dinh tdc d6 ban du v(0) trong trudng hop nay nhu thé nao.
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Thoi gian duy tri tai trong rat ngan, nén tic dung cia tai trong 1én hé s& thay d6i bang
tac dung cua xung lyc S duoc x4c dinh bang dién tich biéu do tai trong theo thdi gian (hinh

1.16a)

AP(t)
0 t
<—>|
0
Hinh 1.16
0
Tacé: S= j P(t)dt (1.86)
0
o N dv(t) :
mat khac: P(t)=M y=M ot suy ra: Mdv(t) = P(t)dt (1.87)

Tich phan hai vé dang thirc (1.87), ta duoc:

JG. Mdv = Jq P(t)dt = Mv(8)—Mv(0)=S (1.88)
Viv(0) =0, nén suy ra: v(0) = % (1.89)

Thay diéu kién dau, t = 0, y(0) = 0, v(0) = S/M vao (1.26) ta nhan duoc phuong trinh

dao dong ctia h¢ mot bac tu do chiu tdc dung ctia xung tirc thoi trong trudong hgp khong xét téi

luc can:
S .
y(t) =——sinwt (1.90)
Mo
Phuong trinh (1.90) 1 phuong trinh dao dong diéu hoa véi bién do:
v = S
max M @

Khi xét t&i1 anh hudng cua lyc can véi truong hop luc can nhd, phuong trinh dao dong

ctia hé duogc viét theo cong thirc (1.48), voi cac didu kién ban dau & trén, trong do:

2
A_\/y§+(—v°+ga’y°j Yo __S_
@, o, Mao




@, =arctg ) Sy
Vv, +wey,

Ta suy ra phuong trinh dao dong trong truong hop nay:

y(t) = isin .t (1.91)
M o,

c

Khi S = 1, biéu thtrc (1.91) ¢6 dang:

y(t)=e*" Lsin wt (1.92)
M w,

C
Biéu thurc (1.92) duoc goi la dao dong cta hé chiu tdc dung cia xung don vi.
X8 Néu xung tac dung vao h¢ khong phai thoi diém t = 0 ma tai thoi diém t = 7, thi

(1.90) c6 dang:
y(t) = iSin ot—1) (1.93)
Mo

2. Tai trong tinh twong dwong Ptd

Trong tinh toan dong luc hoc cong trin dé xac dinh cac gia tri 16n nhat cta ndi luc va
chuyén vi trong két cau, nguoi ta thuong phai tinh qua mét tai trong tinh tuong dwong véi tac
dung cua tai trong dong 1én két ciu.

Tai trong tinh tuong duong 14 tai trong gay ra bién dang bang bién dang cuc dai do tai
trong dong gay ra.

Ky hiéu tai trong tinh twong duong 1a Pig. Chuyén vi cuc dai cia hé mot bac tu do duoc
tinh qua tai trong tinh twong duong la:

P

ymax = 511 Ptd = ?d (194)
Suyra: P, = );max ,hay : B, =Ky, (1.95)

11
Sau khi x4c dinh duogc tai trong tinh tuong duong, bai todn dugc tinh nhu bai toan tinh
chiu tic dung ciia Pg. Trang thai tmg suat, bién dang ctia hé luc nay tuong duong vdi trang

thai img suét bién dang l6n nhét khi hé chju tac dung cua cac dang tai trong dong.
Khi h¢ chiu tic dung ctua xung tc thoi, ta biét : vy, =M—. Thay gia tri nay vao
@

(1.94) ta duoc:

S S Sw

Ptd:k = = 2
Mo Mwd, Mo'd,

=S (1.96)

Chi y : Khi hé chiu tac dung ciia xung tirc thoi, tai trong tinh twong dwong chinh bang

luc dan hoi 16n nhéat tinh theo (1.95), hoac bé“mg luc quan tinh 16n nhét dat vao khoi luong:
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2
Luc quén tinh: P, (t)=-M y(t)=M i/la) sinwt = Swsin wt
@

Do d6: B™ =Sw, két qua nay ding voi cong thirc (1.96).

Bai 7
DAO PONG CUA HE CHIU TAC DUNG CUA TAI TRONG NGAN HAN

O phén nay ta s& khao sat tic dung cia loai tai trong ngan han. Khi 6/T < 25% thi tac
dung ciia tai trong ngin han duoc xét nhu tac dung cta xung tirc thoi. Trong phan niy s& xem
xét mot s6 dang tai trong dong ngan han trong d6 6/T > 25%. Khi chiu tac dung cua tai trong
ngan han, trang thai tng suat bién dang 16n nhat cta hé s& dat duoc trong mot khoang thoi
gian rat ngén, so v6i trude khi luc tit dan c6 thé hép thu duoc phén 16n ndng lugng cia qua
trinh dao dong. Vi vay khi tinh todn h¢ chiu tdc dung cuia tai trong ngrfm han s€ khong xét toi
anh hudng cua lyc can.

1. Tai trong ngin han c6 dang hinh sin

Xét dao dong cuia hé mot bac ty do chiu tac dung cua tai trong dong ngén han c6 dang

hinh sin (hinh 1.17).

A
P()
Pm ..................... P(t) - Pmsinrt
tL
e 7
Hinh 1.17

Noi chung khi chiu tai trong ngén han, dao dong cua h¢ s€ dugc tinh todn & hai giai
doan: mdt giai doan c6 sy duy tri cia tai trong dong va mot giai doan hé¢ dao dong tu do
khong co ton tai cta tai trong dong bén ngoai.

- Xétkhoang 1: 0<t<6.
Trong giai doan ndy, hé chiu tic dung cta tai trong diéu hoa P(t) = Pm sinrt. V4i chuyén

vi va van toc ban dau cia h¢ bang khong, thi dao dong cua hé dugc cho boi:

P, 1
y(t)=?1_ﬂ2 (sinrt — gsin wt) (2.97)

Trong do : ,B:L.
@
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- Xét khoang 2: t > 6.
O giai doan nay, hé dao dong tu do, dao dong nay phu thudc vao chuyén vi y(0) va v(0)
& cudi giai doan 1. Dao dong cua hé c6 dang:

y(t) = ()sma)(t 0) + y(f)cosw(t —6) (1.98)

o Dé xac dinh gi4 trj 16n nhat cia chuyén vi theo thoi gian ta can phai l1ay dao ham

phuong trinh (1.97) va cho bing khong:

WO _ PRy > (rcosrt—rcoswt) =0
d k 1-p
Suyra: cosrt=coset = rt=2nzr+wt, n=0,+1,+2,.... (2.99)

Ta can quan tam dén truong hop tai trong tac dung c6 tan sd gin véi tan sé dao dong riéng
ctia hé (r — w), nhu vay can ldy n =1 trong phuong trinh (1.99) dong thoi tinh v6i ddu am (-
). Khi do:

=2 (1.100)
w
1+—
r

Bién d6 cuc dai ciia dao dong duoc xac dinh bang phép thé biéu thuc (1.100) vao (1.97).
Két qua chi thoa man khi: rt <z twong (mg véi trudng hop £ <1.

Khi g >1, su cuc dai ciia dao dong s€ xay ra ¢ khoang thoi gian thir hai mg vdi dao
dong tu do. Chuyén vi ban dau va van tdc ban dau & khoang nay duoc xac dinh b'flng phuong

trinh (1.97) va dao ham phuong trinh nay theo thoi gian voi phép thé ré = r:

P T

0) = il

y(0) 1 ,B ﬂ)
v(@)=Tn_T' _(~1-cos )
k 1-p? 4

Bién d6 dao dong tu do cua giai doan nay dugc xac dinh boi:

\/ (6?)+[V (Q)J Fo 12 (2+2cos£}
p k 1- 3 ;

Do d6, hé s6 dong luc trong truong hop nay sé bang (S >1, t>6):

Kd — ymax — ymax _ zﬂ

= COS—
yp R 1-p°2p
k AP(t)
(1.101)
2. Tai trong ngin han c6 dang hinh chir nhat P
tL
39 e
0

Hinh 1.18



Xét dao dong cua hé trong trudng hop chiu tac dung cua tai trong ting dot bién, sau do
giit nguyén gia tri trong mot thoi gian ngan 0 (hinh 1.18).
P(t) = Pm Khi t<90,
P@t) =0 Khi t>6.
Ta cling tinh hé & giai doan ting v6i hai khoang thoi gian:
- Xétkhoang 1: t <@, P(t) = Pm
Nghiém riéng cua phuong trinh vi phan dao ddng khi chiu tai trong nay chinh la do
vong tinh:

P

YT:?

Tinh dén biéu thirc nay, nghiém tong quat chira cac hang s6 dugc xac dinh tur diéu kién

ban dau bang khong (y(0) =0, y(0) =0) s& la:
y(t) = %(1—coswt) (1.102)

Biéu thuc (1.102) 1a quy luat dao dong ctia hé & khoang dau. bé xac dinh gia tri 16n
nhét cta chuyén vi ta 1dy dao ham biéu thtrc (1.102) theo thoi gian va cho bang khong:

y(t):%a}sina)tzo :>cot:n7r,t:n2
Voi: n=1=t=T/2. Vi dang xét trong khoang mot, nén t <& do d6 ta cod diéu kién

dé cyc tri xay ra ¢ khoang nay la: g >0,5.

Ung v6i t=T/2 ta thdy: y(t= TE) = 2% = 2y., nghia 1 h¢ s6 dong trong truong hop

nay bang 2.
- Xét trong khoang 2: t > 6, P(t) =0.

Phuong trinh dao dong ty do ¢ khoang nay :
v(O) .
y(t) = y(0)cosa(t — ) + —=sin o(t - 0) (1.103)
@

Trong d6 y(60), V(@) 1a chuyén vi va toc d6 chuyén dong ciia hé & cudi khoan 1.

Bién d6 dao dong cua h¢ trong khoang nay:
2 2
A= (@] +v%(0) _h sin’ (2—7[0)4- 1—cos(2—7[«9j
0] k T T
5 2(1—0032—7[9)
k T

40




70 . 0

Trong do: K, _ Ymax _ 2sin—, voi: —<0,5.
Yr T
bang cac hé sé dong
ﬁ 0 0,01 0,02 0,05 0,1 0,167 0,2 0,3 04 |>05
T
Kg 0 0,052 | 0,126 | 0,313 | 0,618 1 1,175 | 1,617 | 1,902 2

3. Tai trong ngin han c6 dang hinh tam giac véi bién dd giam déan
Xét dao dong cua hé khi chiu tic dung cua tai trong ting dot bién sau do giam tuyén

tinh dén gié tri khong trong thoi gian ngin 0 (hinh 1.19). R
P(t)
P(t) = Pm(l—%) khi t <0 P
Pt)=0 khit>@
- Xét trong khodng mot : t <6 t
0 —>
Nghiém riéng cua phuong trinh vi phan dao dong cua h¢ 0 |
|
chiu tac dung cua tai trong dong P(t) =P, (1—%) la: Hinh 1.19
P t
t)=""/1-— 1.104
n0="%(1-1) (1108
Suy ra nghiém tong quat ctia phuong trinh vi phan dao dong ciia hé 1a:
sint (1.105)

P t
t)=—" —cosat +1——
yo k( 0o 0 ej

Dé xac dinh gia tri 16n nhat cia chuyén vi, ta ciing lay dao ham cua phuong trinh
(1.105) va cho bang khong. Két qua nhan duoc nhu sau:

Thoi diém chuyén vi cuc dai la:

¢ _ 2arctg(@0) (1.106)
1)
Chuyén vi cuc dai:
v - 2&(1_ arctga)tj (1.107)
k w6

Hé sb dong trong truong hop nay:

K, _ Yoo _ 2(1_ arctga)tJ (1.108)
Yr w0
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Diéu kién dé xay ra cuc dai trong khoang dau 1a thoi gian dugc tinh theo biéu thirc

(1.106) s& nho hon hodc bang thoi gian duy tri tai trong 0. Tir diéu kién nay ta xac dinh duoc:

g20,371.
T

- Xét khoang 2: t > 6.
Phuong trinh dao dong tu do dugc xac dinh tir didu kién dau tng voi thoi diém cudi giai

doan mot, trc latai t=46.

y(t) = y(6)cosao(t — 0) + @sin w(t—0) (1.209)
@

Trong do:

P (sinw@
0)=-" —Ccoswd
y(0) k( > @ j

V(o) :ﬂﬂcoswe_wej
k o

Bién d6 dao dong tu do cua giai doan nay:
2
. Jyz(e) (@)
W

= &i\/(sin @6 — 00c0swh)? + (Coswl + whsin wl —1)?

kK of

R \/(1— cosw8)? + (w6 —sin wh)?

k w0
Do d6 hé s6 dong:
_ 2 i 2
K, = Yoac _ J(L—c0oswB)? + (O —sin wb) (1110)
Yr @0

Piéu kién xay ra cyc dai trong khoang nay 1a: ? <0,371

Bang cac hé so dong

0 0,1 0,2 03 | 0371 | 04 0,5 0,6 0,7

0,8

|

Kd 0 0,31 | 0,602 | 0,853 1 1,051 | 1,197 | 1,31 | 1,392 | 1,453

0,9 1 1,25 1,5 1,75 2

|

Kg | 1,506 | 1,552 | 1,63 | 1,689 | 1,73 | 1,763 | 1,809 | 1,839 | 1,908 2

4. Tai trong tinh twong dwong
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Khi h¢ chiu tac dung cua tai trong dong nge"m han cling nhu khi chiu tac dung cua tai
trong dong co quy luat bét ky theo thoi gian, tai trong tinh twong duong dwoc xac dinh tir hé

s6 dong Kq va gid tri 16n nhit cua tai trong dong Pm nhu sau:

Ta da biét cong thirc xac dinh tai trong tinh trong duong:
Ptd = k ymax

Chuyén vi 16n nhét ymax duoc tinh qua hé sé dong:
P
ymax = yT Kd = ?m Kd

Thay gia tri ndy vao cong thirc xac dinh Py & trén, ta co:
P, =K, P, (1.111)
Néi chung véi tac dung tai trong dong ngan han ( thoi gian duy tri tai trong rat ngin so
v6i chu ky dao dong riéng), két ciu c6 do cimg cang 16n thi hé sé dong cang 16n, hiéu qua tac

dung cua tai trong dong 16n két cau cang 16n.

Bai 8
DAO PONG CUA HE MQT BAC TU DO
CHIU TAC DUNG CUA TAI TRONG BAT KY
1. Dao dong ciia h¢é trong truwong hgp khong xét toi lue can.

Trong truong hop nay phuong trinh vi phan mé ta chuyén dong cua hé ¢ dang:

M y+ky=P(t) (1.112)
hay:
yro®y =% (1.113)

Nghiém téng quat cia phuong trinh vi phan trén bao gdm: nghiém thuan nhit va
nghiém riéng.
Nghiém thuan nhét c6 dang:

y(t) = y,cosmt + V—°sin wt (1.114)
a

Day chinh 14 thanh phan dao dong tu do do céc diéu kién ban dau khac khong gay ra.
Nghiém riéng do tac dung cua tai trong cé thé tim dugc trén co sd sir dung phuong trinh

dao dong cua hé chiu tac dung cua xung tirc thoi. Ta xét tai trong dong ¢ dang tong quat véi
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quy luat bat ky trén hinh 1.20, tai trong Pt c6 thé duoc thay bang tong cic xung phan t6 vo
cung bé:
\ ds=P(r)dr

i

P

0 = i >
- >t
< t
Hinh 1.20

Ta xem rang: tai thoi diém t trén hé chiu tac dung cta xung phan t6 ds. Do vong do tac
dung cua xung phan t6 ds nay gay ra 1a: (theo (1.93)).

P(r)dr
1)

dy(t) = P(r)dry(L—7) = sin o(t —7) (1.115)

Do vong toan phan do tai trong P(t) giy ra la:
1 :
y(t) =—— j P(z)sinw(t—7)dr (1.116)
Mw?
Tich phén (1.116) duogc goi 1a tich phan Duamen.
Vay nghiém tong quét ctia phuong trinh vi phan dao dong la:
v, . 1 :
y(t) = y,cosmt +—2sin wt +—I P(z)sinw(t—7)dr (1.117)
0] Mws

Phuong trinh dao dong (1.117) ¢6 thé tim dugc bang cach giai truc tiép phuong trinh vi
phan dao dong (1.113) theo phwong phép bién thién hing sé Lagrange.

2. Hé s6 dong trong trudng hop tong quat va biéu thirc lye dan hoi.
Dé tim hé s dong theo thoi gian ta can bién d6i phuong trinh (1.116) nhu sau:

1
M o*

y(t) = a)j. P(r)sino(t—7)dr=0,, wj P(z)sinw(t—7)dr

Néu thay P(t) = P f(t), trong d6 f(t) 1a luat thay ddi theo thoi gian cua tai trong dong,

thi ta s& viét lai phuong trinh trén dudi dang:
t
y(t) =5, P, a)j f(z)sinw(t—7)dr
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hay :
y(t) =y, a)j' f(z)sinw(t-7)dr (1.118)

Ta da biét biéu thirc hé s6 dong theo thoi gian:

K (t) = y(t)

Yr

Thay (1.118) vao biéu thirc nay ta co:
t
K@) =o| f(z)sino(t-7)dr (1.119)
Hé sb dong:

Ky =K(t),0 = (a)j f(z)sinw(t—7)d z‘} (1.120)

max

Chuyén vi ctia khéi luong viét theo hé s6 dong hoc theo thoi gian:

y(t) = y; K(1) (1.121)

ChU y: Cong thirc xac dinh hé s6 dong theo (1.120) c¢6 thé ap dung cho tit ca cac dang
tai trong da xét ¢ bai 6 va tai trong diéu hoa da xét trong bai 4.

3. Tac dung cuia tai trong dat dot ngot, sau do6 giir nguyén gia tri trén hé.

Trong thuc té khi cong trinh chiu tac dung cia cac song xung kich do céc vu nd hat
nhan c6 thoi gian duy tri tai trong 0 16n gap 15 lan chu ky dao dong riéng cua két ciu, thi biéu
d6 tai trong thay ddi theo quy luat hinh tam giac (hinh 1.22) c¢6 thé bé qua thoi gian giam tai
va tinh theo biéu d trén hinh 1.21 béi vi trong truong hop nay, bién dang cuc dai ctia hé xay

ra & ngay giai doan dau khi tai trong tac dung.

P(t)A P(t)A
Pm
Pm ‘ ‘ | [ ©
0 t: 0 t:
<« 0 5
Hinh 1.21 Hinh 1.22

Chuyén vi ctia hé tinh theo (1.116):

YO =——

@

P sinw(t—7)dr

(*)

@

(21— coswt)

o) S SN

M
P sma)(t—r)dw(t_r): sz
M Mo
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Biéu thuc luc dan hdi duge xac dinh tir tich caa do cung va chuyén vi dong:
R (t)=ky()
Thay biéu thirc cua y(t) theo (1.116) vao day ta dugc:

P,(t) = kij‘ P(r)sinw(t—7)dz =P, K(t) (1.122)
May

Trong do K(t) 1a hé $6 dong hoc theo thoi gian, duge xac dinh theo (1.119).
Tai trong tinh twong dwong 1a lyc dan hoi 16n nhét tac dung 1én hé:
P, =P, K, (1.123)
T (*) ta cO: y(t) = y; (1—cosat) (1.124)
Hé s6 dong hoc theo thoi gian xac dinh theo (1.119) véi f(t) & day bang don vi : f(t) =

t
K(t) = a)jl.sin ot-7)dr= wl(:ia)t =1-coswt
@
0

Suy ra hé s6 dong: K, = K(t), ., =2 (1.125)

4. Tac dung cia tai trong dot ngdt, sau dé giir nguyén gia tri trong mot thoi gian ngian

A
P(t)
Pm
0 t
Hinh 1.23
) P, khi t<@ ) ) 1 khi t<@
Tacd: P(t)= i tuong g ta co: f(t) = )
0 khit>@ 0 khit>@6

Ta s€ tim phuong trinh chuyén dong ctua h¢ va xac dinh h¢ s6 dong tir hé $6 dong hoc
theo thoi gian K(t).
- Xét trong khoang 1: t<46
Hé sb dong hoc theo thoi gian dugc xac dinh boi (1.119)

t t
K, (t) = o[ f (z)sin ot —7)dz = o[ Lsin o(t - 7)dr =1-coset
0 0
Phuong trinh dao dong cua hé trong giai doan nay:
P
(1) =YK () == (1~ cosat)

Dé tim hé s6 dong K ta tinh dao ham ctia K(t) va cho bang khoéng:
K,(t)=wsinot=0 < et =nrx
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T ) . T
Suyra: t . = nZ-n_ , va lan thir nhat thi: t__ =—
w 2 2

Vi dang xét trong khoang 1 nén t, . <&, do do:
ISH ,hay : 920,5
2 T

Tai t,

max

_ % thi K,(t,..) = @’cosz <0, nén Ku(t) dat cue dai.

Quan hé : 9, 0,5 chinh 1a diéu kién dé cuc dai xay ra & khoang 1.

—

Ung véi t, :Tz,tacc'): Ky =K(t),x =2

max

- Xét trong khoang 2 : t>6.
Khi tich phan hé s6 K(t) tir 0 dén t ¢ giai doan nay, ta phan ra hai tich phan : tich phan
tir 0 dén 0 twong Gmg v&i ham f(t) = 1, va tich phan tir @ dén t twong ing véi ham f(t) = 0.

t 0
K, (t) = a)j f(7)sinw(t—r)dr = wjl.sin w(t—7)dr+0=
0 0
= cosw(t — @) —cosmt = 2sin %esin a)(t—g]

Kz(t):O khi w(t—gJZ%,Vé lan ‘[hl’rnhéit:t1 :£+§:

T 6
_+_
20 4 2

Véi gia trj ndy ctia ta thi: K, (t,) = -2 sin %9 <0, vado do:

K4 :K(t)maX:2Sinw—93ina) I+Q—Q :Zsinw—e
2 4 2 2 2

Phuong trinh dao dong cua h¢ trong giai doan nay:
P, . o0 . 0
Yy, () =y, K,(t) = 2?sm TSIH a)(t _Ej

Khi xét dao dong ciia hé xay ra & khoang 2, ngudi ta con tién hanh bang phép thém bét
tai trong. Tai thoi diém mat tai t = 0, s& dat thém tai trong c6 gia tri bang Pm nhung nguoc
chiéu nhau, luc nay dao dong cua hé s& bao gém : dao dong do tac dung cua tai trong Pm da

xét & khoang mot va dao dong do tai trong —Pr bat dau tai thoi diém 6.

A

P(t)
Pm

| |
0 L
47 ‘ | |
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Hinh 1.24
5. Dao dong ctia hé trong truwong hop cé luc can.
Trong truong hop ndy, phuong trinh vi phan dao dong s€ la:
My+cy+ky=P(t)
Hay :

y+2w8y+a)2y:% (1.126)

Nghiém cua phuong trinh vi phan nay duoc tim trén co s¢ st dung dao dong cua hé
chiu tac dung cta xung tirc thoi. Tai thoi diém t trén biéu do tai trong dong theo thoi gian
P(t), ta tach ra mot phan t6 tai trong:

ds=P(r)dr

Phan t4 tai trong nay gy tac dung xung 1én hé tai thoi diém . P9 vong do xung phan t6
do6 gay ra dugc tinh theo:

P(r)dr
Ma,

dy(t) = P(t)dzy(t—7) = e Ising, (t—7)

c

Do vong toan phan do tai trong P(t) gay ra:

t

y(t) = LJ. P(r)e ™ sinw, (t—7)dr (1.127)
Ma, 5
Hé s dong hoc thay doi theo thoi gian trong truong hop nay:
602 t
K(t) = —'[ f(r)e ™ sine,(t-7)dr (1.128)
co

Khi diéu kién ban dau khac khong: y(0) =0, v(0) =0, ta phai ké dén thanh phan dao
dong tu do do diéu kién ban dau gay ra. Nghiém tong quat ctia phwong trinh vi phan dao dong
(1.126) la:

Msina)t +
c

@,

y(t)=e {yocoswct +

t
—Ml [P(e™sinw,(t-r)dz

co0
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Chuong 2: DAO PONG CUA HE HUU HAN BAC TU DO

Muc dich:
- Cung cép cho sinh vién nhitng kién thtrc co ban bai toan dong luc hoc cong trinh
c6 bac tu do hitu han duéi dang dao dong tu do hodc dao dong cudng birc.

Yéu cau:

Sinh vién can nhd lai kién thirc vé ma tran va cac phép tinh cia ma tréan.

Sinh vién nhan biét viéc md hinh hoa hé hitu han bac tu do;

Thiét 1ap dugc phuong trinh vi phan dao dong cta hé hitu han bac tu do;

Giai bai toan dao dong tu do, dao dong cudng birc cia hé hitru han bac ty do
trong mot s6 truong hop chiu céc loai tai trong dong;

Trong thuc té tinh toan ky thuat ta hay gap bai toan tinh toan h¢ hiru han bac tu do.
Dé tién loi cho viéc biéu thi cac phép tinh va &p dung dugc cong cu may tinh dién tur,
trong chuong nay s€ trinh bay cac ndi dung dudi dang ma tran. Viéc sir dung ngon ngir
ma tran trong co hoc d3 trd nén ngdy cang rong rai, biéu hién ¢ viéc ap dung céc
phuong phap tinh nhu phuong phap phan tr hiru han, phwong phap ma trin chuyén
tiép va nhiéu phuong phap gan ding khac.

Bai 1
KHAI NIEM VE MA TRAN CUNG VA MA TRAN MEN

Xét hé dam nhu hinh 2.1 tai cac vi tri 1, 2, 3, ...n hé chiu tic dung tuong ung

f; e

b) ipl @ @

cua cac luc Py, Po,...

Hinh 2.1
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Chuyén vi tai vi tri k duoc xac dinh theo nguyén li cong tac dung:
Yy =04P +0,P +..+0, P +..+6,,P,
k=1,2,...n.

Viét cho tt ca cac vi tri ta co:

y, =o,P,+6,P,+..+ 0, B +..+5,,P,
Y, =0, P, +0,P, +..+ 6, B +...4+0,,P,

(2.1)
Yo =GR 8P, 4ot Gyt O,
Ta viét hé phuong trinh (2.1) dudi dang ma tran:
Y, on Oy, - Oy ||PR
Vol _|0n Sn o S|P
W Lo a - el
Hay:  {Y}=[F]{P}
Trong do:
Y R
(=14 (r=i 22)
. ?
oy O S, |
F]- Oy Op o Oy, 2.3)
bu G O

{Y} -1a vecto chuyén vi,
{P} - 1a vecto tai trong tac dung,
[F] - 1a ma tran mém.
Céc phan tir ciia ma tran mén &, (k =1,2,..n;m=12,..n ) 1 cac chuyén vi don vi
dugc x4c dinh trén hinh 2.1b. Vi &, = &, nén ma tran [F] 1a ma trn d6i xtmg.
Viét (2.1) nguoc lai ta co:

Pl =YY, T Y R,

Pz =h Y thY, o+ LY ot 0Ly,

IDn = rnlyl + rn2y2 +...F rnk yk +..+ rnnyn
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Hay:  {Pl=[K]{Y) (2.4)

Trong do:
an (2.5)

Ma tran [K]dugc goi 1a ma tran cung. Céc phan tir cia ma trdn do cung
. (kK=12,..n;m=12,..n) goila h¢ s6 dd cung, 1a lyc twong ung ¢ toa do k do chuyén
vi don vi tai toa 40 m gay ra. (hinh 2.1c). Vi r,, =r, nén ma tran [K] dbi xtmg.

Ta thay ma tran ctirng l1a nghich ddo ctia ma tran mém, va nguoc lai.

Bai 2
XAY DUNG PHUONG TRINH VI PHAN DAO PONG CUA HE HUU HAN
BAC TU DO THEO PHUONG PHAP TiNH

Xét hé dam c6 n khdi luong tap trung. Hé chiu tac dung cua tai trong dong Pi(t),
Pa(t),...Pn(t). Bo qua trong lwong ban than dim khi dao dong, vi tri ctia mdi khéi luong
dugc xac dinh bang mot thong s 1a chuyén vi theo phuong ding. Vi vay hé ¢6 n bac
tu do (hinh 2.2a)

Trudc hét ta xét truong hop boé qua anh hudng cua luc can. Ta s& viét phuong
trinh can bang luc véi viée sit dung nguyén 1y Palambe, trong d6 cac luc dat vao khdi

lugng bao gém: tai trong tac dung, lyc quan tinh va luyc dan héi.(hinh 2.2b).

{Z(t) iPz(t) ipk(t) ipn(t)
Yk

Y2 Y

Pk.d
Mk

Pk(t)
Pk,q

Hinh 2.2

Phuong trinh cin bang lyc ddi véi khdi lwong thir k:
R+ R =R (2.6)
Trong do:

Pk,q =-m, ¥, (t)
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Boa =haYi HhoY, +ot Y,
Thay céc biéu thirc nay vao phuong trinh (2.6) ta dwogc:
m, ¥, (©) + (f,Y, +1,Y, +..+ 1 Y,) = B.(t) (2.7)
(k=1,2,..n).
Phuong trinh (2.7) duoc viét cho tat ca cac khdi lugng ctia hé nhu sau:

m, yl +(r11y1 Y, +...+ rlnyn) = Pl(t)
m, yz +(r21y1 Y, +...t r2nyn) = Pz(t)

(2.8)
m, ¥, + (.Y, +1,Y, +..+1,.Y,) =P, (1)
Ta viét lai phuong trinh (2.8) ¢ dang ma tran:
m 0 .. O (%) fn B o on Y| [R(D)
0 m, .. 0]V, . Do o T Y2 _ P, (t)
0 0 - omli) [ on o onlln (RO
Viét gon hon:
IMI{YO}+[K]{Y®)} = {P®)} (2.9)
Trong do: [K] - 1a ma tran d6 cimg; [M]- 12 ma tran khéi luong.
m O 0
(M]- 0O m .. 0 (2.10)
Va:
Y. (t) y,(t) RO
(oh=1"OL vy =1 O (pay ==Y (2.11)
Y (t) Yo (t) P. ()

Phuong trinh (2.9) goi 1a phuong trinh vi phian dao dong ctia hé n béc tu do viét
dudi dang ma tran.
< Khi ké dén anh hudng cta luc can, phuong trinh (2.9) sé la:

[MI{Y®}+[C{Y®}+[K]{Y®} = {P®)} (2.12)

Trong d6: [C] - 1a ma tran cin (hay ma tran tat dan):
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Ch, C, ... C,

- Cyu Cp o Gy (2.13)
Cy Cpp « C

Cac phr:in tr clia ma tran tit dan ckm goi la cac hé s6 anh huong tat dan, 1a luc

tuong trng vai toa do k do tde do chuyén dich don vi tai toa d0 m gay ra.

AU
{Y(t)} _ %0 1a vecto toc do chuyén dich cua hé.
Yo (1)
Phuong trinh (2.12) chinh I1a diéu kién c4n bang tinh hoc cta ca hé:
{(-R,O}+{P.®}+{P,®)} = {P®)} (2.14)
Trong do6 luc quan tinh, luc can, luc dan hoi 1an luot 1a:
(PO} =-[M]{Y(®)} (2.15)
(RO} =[C]{Y®) (2.16)
(P} =[K[{Y®)} (2.17)

Phuong trinh (2.12) con goi 1a phuong trinh vi phan chuyén dong ¢ dang thuan.

Viét mot hang ctia hé nay ta co:
m, ¥, (t)+ JZ:: Cy Vi (1) + JZH_; g ¥; () =P (t) (2.18)
Phuong trinh vi phan chuyén dong con viét duoc & dang nghich nhu sau:
yk(t)+jzri;5kjmj y, +jzri;5kij,c y, :Zéijj(t) (2.19)

Hay:

Y O+ [my §,(0) + Py (®) ~R O]+ . [, V.0 + P, (1) - P+
+"'+5kn [mn yn (t) + Pcn(t) - Pn(t)] = 0
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Bai 3
XAC PINH TAN SO DAO PONG RIENG HE HUU HAN BAC TU DO

Phuong trinh vi phan dao dong ctia hé hiru han bac tu do khong can c6 dang:

[MI{Y®}+[K]{Y®}={0} (2.20)
Nghi€ém cua phuong trinh (2.20) dugc tim dudi dang sau:
{Y(t)} ={A}sin(wt +7) (2.21)

Trong do: {A}- 1a vecto biéu thi bién d6 dao dong ciia hé;  — 12 tin s6 dao dong
riéng; v — l1a do léch pha.

Viéc phan tich dao dong tu do ctia h¢ hitu han bac tu do 1a viéc xac dinh céc diéu
kién dé phuong trinh (2.20) cho phép ton tai dao dong. Tir diéu kién dé ta s& tim duoc
cac tan s6 dao dong riéng cua hé.

Lay dao ham béc hai cta (2.21) theo t sau d6 thay vao (2.20), ta duoc:

([K]-e"[M]){A} =10} (2.22)

D¢ ton tai dao dong thi {A} phai khac khong. Dicu d6 dan dén:

[K]-o*[M]=0 (2.23)

Phuong trinh (2.23) duoc goi 12 phwong trinh tan s hay phwong trinh dic trung.
Khai trién dinh thic nay ta s€ nhan dugc phuong trinh dai s6 bac n ddi voi w?.

Giai phuong trinh ddc trung ta s€ xac dinh dugc n nghiém : of,@?,..’. Cac gia
tri nghiém nay biéu thi gia tri binh phuong cac tan sd cia n dang dao dong riéng.
Vecto bao gdm tit ca cac tan s6 dao dong riéng xép theo thir ty ting dan
(0 <o, <ay<..<a,)
dugc goi 13 vecto tan s6 dao dong riéng (hay con goi 1 pho tan sd).

(0} ={w,0,,..0,) (2.24)

Tan sb dao dong riéng thap w1 goi 13 tan sb co ban.

C6 thé thiy rang: Tat ca cac ma tran khdi luong va ma tran cimg ctia hé két cau
bat ky déu 1a cac ma tran ddi xung va xac dinh duong. Vi vay, tat ca céc nghi¢m cua

phuong trinh ddc trung déu 1a thyc va duong.
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Phuong trinh tan s co thé viét dudi dang ma tran mém. Mudn vay, ta nhan hai
L, . 1 N 1A
vé clia (2.22) voi ma trdn —[F| ta s& nhan dugc:
(4]

1

(1M1 181 i) - (0 229)

w
Trong d6:[E] 1a ma tran don vi cép n.
Phuong trinh dic trung tuong tng véi voi trinh (2.25) s€ la:
1
[FI[M]- - [E] -0 226)

(0

Cha y: Cac phuong trinh dic trung (2.23) va (2.26) dugc viét dudi dang giai tich

nhu sau:
2
h, —o'm P I,
2
I ,—om, .. o ~0 (2.27)
2
rnl r-n2 rnn - mn
Va:
1
é‘11 2 512m2 51nmn
o,,m o,,M 1 o, m
211 2 2 a)z 2n'"''n =O (228)
1
5n1m1 5n2m2 é‘nn mn T2
w
Bai 4

DANG DAO PONG RIENG CUA HE HU'U HAN BAC TU DO

Tuong mg vdi cac tan sé dao dong riéng i (i=1—>n) ta s& xac dinh duoc cac
dang dao dong riéng {A;} (hodc {Y;}) tir phuwong trinh (2.23) hodc (2.26). Viéc xéac
dinh cac tan s6 dao dong riéng va cac dang dao dong riéng dong vai tro rat quan trong
trong bai toan dao dong cua h¢ hiru han bac tu do.

Dé x4c dinh cac dang dao dong riéng, ta dua vio ma tran [B,] tng v&i tan s6 dao
dong riéng wi.

[81=([]-of [M]) 2.29)

Hay :
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1
(8- FIm)- 1 1e) 2:20)
Khi d6 phuong trinh (2.22) viét ing véi tan s6 @ s& c6 dang:
[B.{Yi )} ={0} = [B [{A} = {0} (2.31)
Mubdn xé4c dinh cac dang dao dong riéng, ta khong nhét thiét phai tim truc tiép
cac gia tri bién do cua cac khdi luong, ma ta chi can tim ti s6 bién do cua cac khdi
luong so véi bién d6 cua mot khdi lwong nao do, thudng 1a so véi bién do caa khoi

lwong thi nhat. Ti sé d6 goi 14 @.

A 2.32
Dii Aii ( )

Ta thdy ¢, =1.

Nhu véy, dang dao dong riéng thi i chinh 1a vecto cé cac phan tir 1a cac ti s6 ¢,

do:
oy 1
o) =1""1=1" (2.33)
Pni Pni
Dé tim cac dang dao dong riéng, ta chia hai vé ciia phuong trinh (2.31) cho hé s6
Aui ta co:
B B0 L b0](A] (0] [bY BY . B2(1] [0
L e b9 b9 . bY |[ea| |0
E b bl .. bl [1A; =10 hay:|bY bY .. bl |<e; =70 (2.34)
o 60 oo fla) lo) 60w oo le) o

Trir phuong trinh dau tién cua (2.45), ta giai hé (n-1) phuong trinh sau: ta s&

duogc dang dao dong riéng thir i:

{0} =-[B02]" {BY) (2.35)
Trong do6:
O
(o) = g"z (2.36)
P
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[Bfl)} 1a ma trén [B;] bo di hang mdt va cot mot.

by b .. b
B0 by bY .. bY (2.37)
09 bY . b
[ B | 1a cot thir nhat ctia ma trén [B;] bo di phan tir dau tién.

by
_ h®

{(BO} =1 (2.38)
b(il)

Ldc nay:
1
(o}=1 . (2.39)
b
Ma tran vuong biéu thi tat ca cac dang dao dong riéng goi la ma tran cac dang

chinh, ky hiéu la [®@].

_(011 P - (/)1n_
Por P - Doy

[@]=[{a} {2} {&} - {o}]=|Pan 20 - ou (2.40)
_¢n1 gDnZ (pnn_

Céc chi s6 ciia ¢, gom chi s6 thir nhat 1a chi s6 k chi khoi lugng, va chi so thir
hai 14 chi s6 i chi tn s6 hay chi dao dong riéng. Céc dai luong cua cac tic dung ngoai
c6 hai chi s6 sau nay ciing duoc chi nhu viy.

O dang giai tich, hé (n-1) phwong trinh sau cua hé phuong trinh (2.34) dé xéc
dinh cac dang dao dong riéng duoc viét nhu sau:

2
L+ (h, —@"M,) @, + Ly +.. 4+ 1,0, =0
2
ly + 10, + (T —0 M)y +..+ 1, 0, =0

2
r+ 1,0, +r.e,+..+(r,—om)p, =0

hoac:
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1
Oy My +(5,M, — ;)% +0pMys +...+ 6,,M @, =0

1
Oy My + 05, M, @, + (Og5M, _E)% +...+6;,mp, =0

Nhan xét: Van dé xac dinh cac tan s6 dao dong riéng va cac dang dao dong riéng
cua bai toan dao dong hé hitu han bac ty do twong ing véi bai toan xac dinh cac tri
riéng va vecto riéng cua dai s6 tuyén tinh. Gia tri binh phuong tan sé tuong tng véi

cac gia tri riéng, con cac dao dong riéng s€ tuong trng vdi cac vecto riéng.

Bai 5:
TINH CHAT TRUC GIAO CUA CAC DANG DAO PONG RIENG

Céc dang dao dong riéng ctuia hé hitu han bac tu do c6 mdt tinh chat dic biét, d6
1a tinh chat truc giao. Tinh chéat nay dong vai tro rit quan trong trong viéc giai quyét
cac bai toan dao dong cudng buc cling nhu dao dong tu do cua hé hiru han bac tu do.
Biéu thtrc cua tinh chit truc giao giita cac dang dao dong riéng duogc tim trén co sd ap
dung nguyén 1y cong tuong hd Betti d6i voi cac dang dao dong riéng.

Phuong trinh vi phan chuyén dong ddi véi cac dang dao dong tu do co thé duogc
viét duéi dang:

[KHy ) = [M]{y,®)} (2.41)
Trong d6: vé tréi biéu thi vecto cla luc dan hoi {P,(t)}, con vé phai bicu thi

vecto cua lyc quan tinh {Pq (t)} . Nhu vay, khi dao dong tu do, cac dang dao dong riéng

dugc xem nhu sy thay d6i ctia d6 vong do cac luc quan tinh, (cac lyc quan tinh déng
vai trd nhu tai trong ngoai) gy ra. Ta xét hai dang dao dong thr “1” va thir “)” trén
hinh 2.3.

Ap dung nguyén 1y Betti cho hai trang thai bién dang tmg v6i hai dang chinh th

(1343 (1343

1” va thu “9” ta sé co:
ly, 01 (P} = {%.®0) {P, )} (2.42)
Sau khi thay {Y(t)} theo (2.21) va {P,(t)} =-&’[M]{Y(t)} vao bicu thirc trén roi

don gian cac ham tuan hoan theo thoi gian ta duoc:
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of ) [M]{A} -} (A) [M]{A @43
&

ZO

-

7Y 20 ys‘“i
m

()
Py

Rat
\ m ,/S"z,i(t ma
a)/g;}\y}i(t) /," m2 y3i(t)/777/‘7)7\7
s Py
Hinh 2.3

Ta thay rang: tich cac ma tran & phuong trinh (2.43) 13 dai luong v6 hudng, vi
vay sau khi chuyén vi tri c4c ma trin & mot vé rdi thuc hién phép chuyén vé, ta sé&

duoc:
(@ —?){A} [M]{A]}=0 (2.44)

Vi céc tan s6 dao dong riéng co gia tri khac nhau w; # ®, Nén ta co thé viét biéu

thire trén dudi dang:
(A} [M]{A}=0 (2.45)

Biéu thurc (2.45) biéu thi tinh chat truc giao cua cac dang chinh dao dong. Biéu
thrc tinh chét truc giao con co thé viét duoc qua ma tran cliing [K] . Muén vay, ta nhan
trai hai vé cta phuong trinh (2.41) v6i ma tran {y j(t)}T , sau khi bo di cac ham thoi

gian ¢ hai vé ta dugc:

Suy ra:
;
(A} TK]{A} =0 (2.46)
Trong trudng hop téng quat, biéu thirc tinh chit truc giao cta cac dang chinh dao
dong duogc viét véi cac vecto dang dao dong khong thir nguyén {(oi},{goj} . Mubn vay,

ta chia cac biéu thirc (2.45) cho cac bién d6 chuyén vi cia mot khdi lugng nao d6 tng

[13%4] [13%4]

v6i dang “i” va “” ta duoc:
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o} IM]{g;}=0 (247)
O dang giai tich, biéu thirc tinh chat truc giao viét theo ma tran khoi lugng nhu

Sau:

Z(mk1¢’1j +M,@y 5 + o+ My @ )¢kj =0 (2.48)

ket

Biéu thirc tinh chét tryc giao viét theo ma tran ctng d6i véi cac dang dao dong

khong thtr nguyén.
to} [K]{e,} =0 (2.49)

Nhan xét: Qua cac biéu thirc trén ta thdy : cic dang dao dong riéng
{gpi},{goj}(i # j) tryc giao véi nhau qua ma tran khoi lugng [M] va ma tran d6 clng
[K], hay néi cach khac: cdc dang dao dong riéng tryc giao véi nhau qua trong s6 [M]
hoac [ K].

Ta con c6 thé biéu thi tinh chat truc giao cua cac dang dao dong riéng voi trong
s6 1a tich khong han ché cac ma tran tao nén tir ma tran [ K ] va ma tran [ M ]. Chia hai
vé ctia phuong trinh (2.41) cho mdt bién do nao d6 (bé ham thoi gian di) ta co:

[K]in} = [M]{n} (2:50)

Nhan trai hai vé phuong trinh nay véi {go ; }T [M][K] ", ta duoc:

{(Pj}T [M{o} =“’i2{§0j}T [M ][K]_l{(”i}

Str dung (2.47) ta suy ra:

{o,} MI[KT [M]{o} =0 (251)

Lai nhan tri phuong trinh (2.50) v6i {g,} [M][K]"[M][K]" s& duoc:

{or} MIIKT " MI{} =o' o} MIKT MIIK] o}

Str dung (2.51) ta co:

{o,} MI[KT Mo} =0 (252)
* Tuong tu, néu ta nhan trai phuong trinh (2.50) voi {(pj }T [K][M]" s& duoc:
{or} [KIMT K)o} =t {o [K]{o)

Str dung (2.49) ta duoc:

T
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{o,} [KIM]"[K]{@} =0 (2.53)
Phép nhan trai phuong trinh (2.50) v6i {o,} [K][M]"[K][M]" s& cho:
(o)) [KIIMTT[KIIMT " [K]{o} = (o} [K][MT ' [K]{o)}
Str dung (2.53) s€ duoc:
{o,} [KIMT'[K]M] " [K]{} =0 (2.54)
Céc quan hé trén co thé lap lai ma van cac thuat toan tuong ty.

Céc biéu thirc tinh chét truc giao ¢ trén va ké ca (2.47) va (2.49) co thé viét gon

lai & dang sau:
(o)} [M ][M’lK]b {p}=0 (2.55)

O biéu thirc (2.55) néu b =0 va b = 1 s& nhan dugc (2.47) va (2.49).

Bai 6:
CHUAN HOA CAC DANG DAO PONG RIENG

Ta viét lai cac phuong trinh (2.44) ¢ dang sau:
(@} -a){o} [M]{g} =0
Néu o, =, (i # j) thi phuong trinh trén chi thod man khi {¢, }T [M]{p}=0 taco
thé chon : {¢)" [M]{¢} =1.

Dang dao dong riéng thod man biéu thire trén duge goi la dang chuan, ky hi¢u la

(@} Ta viét lai:
{(Di }Ih [M ]{q)i}ch =1 (2.56)

Viéc dua cac dang dao dong riéng vé dang chuan goi 1a chuan hoé cac dang dao

dong riéng. bé xac dinh dang chuén, ta dit:
{(f’i}ch =b, {¢i} (2.57)

Pua (2.57) vio (2.56) ta dugc: b?{p} [M]{¢p} =1

Suy ra: b’ :T;
{o} M{e}
Néu dit: a={p} [M]{n) (2.58)
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Thi: b =1/a,, vado d6 ¢ (2.57) ta co:

{p)0 = o) (259

Khi tit ca cac dang dao dong riéng da dugc chuan ho4, thi tir (2.56) ta sé viét
duoc diéu kién tryc chuan & dang téng quat nhu sau:
[CI)Ih][M][QDch]:[E] (2.60)
Diéu kién truc chuin téng quat con duogc viét v&i ma tran cung nhu sau: nhan trai
phuong trinh (2.50) véi {¢,} ta dugc:
fo} [Kllp}=a{a) [M]in}

Khi dang dao dong riéng da dugc chudn hod thi biéu thirc trén c¢6 dang:

{(pi }Ih[K]{¢i}ch =a)iz (2'61)
Biéu thuc (2.61) viét d6i véi tat ca cac dang chuan:
[0, ] [K][®.]=[2] (2.62)
o> 0 .. 0
o .. 0

Trong d6: [Q]=diag(w) =
0 0 .. o

Diéu kién truc chuan téng quat (2.60), (2.62) c6 ¥ nghia quan trong trong viéc rut

gon qua trinh tinh todn dao dong ctia hé sau nay.

Bai 7:
DAO PONG TU DO CUA HE HU'U HAN BAC TU DO

Phuong trinh vi phan dao dong tu do cua hé nhiéu béc tu do:

MIyO}+[K]{y®} = {0} (2.63)
Nghiém riéng thur i rng v6i dang dao dong thir 1 dugc tim dudi dang:
{y®}={A}sin(wt+7), i=1-n (2.64)

Trong d6 {A} va y; dugc xac dinh tir diéu kién ban dau cua hé (cac tbc do ban

dau va cac chuyén vi ban dau). Nghiém (2.64) con duoc viét dudi dang:

{yi()} ={B/}coswt+{C }sinat, i=1—>n (2.64)’
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Vecto van toc:

{¥i(0} =-a {B}sinat+a {C }cosmt
Céc diéu kién ban dau:  {y,}_, = {y,o} Vit = {v,o} . Thé cac diéu kién nay vao

phuong trinh chuyén vi va phuong trinh vén téc & trén, ta dugc:
A }
(B)={w}: (o=
Do do:
sinmt

o)

(2.65)

i ©} ={y fcosat+{v}

Trong do {yf}{v,o} 1a cac vecto chuyén vi va van toc ban dau tic dung vao hé
gdy nén dao dong tuy do cia hé Gmg vdi dang chinh thir i : {y;(t)}. N6i cach khac,

ching la cac vecto do cac vecto chuyén vi ban dau va van téc ban dau cua hé duogc
khai trién vao dang chinh thir i. Tong cua cac vecto nay, chinh bang vecto chuyén vi

ban dau va vecto van tdc ban dau cia hé:
(op ={y0}+{yo )+ +{¥} .+ {ye}
{vo}:{vlo}+{v§}+...+{vf}+...+{vg}
bé xac dinh {y,o} , ta dit:
(v} =a[M]fn) (267)
Dua (2.67) vao (2.66) ta co:
Yo} =a[M|{p}+a, [M{g,} +..+a[M[{@} +..+ o, [M]{e,} (2.68)
Nhan tréi 2 vé clia phuong trinh (2.68) véi {¢,}", ta c6:
{(Di}T {yo}:“1{¢i}T [Ml{g)+. +a {(”i}T Mg} +..+a, {(”i}T [M]{e,}
St dung tinh chét truc giao d6i voi vé phai cua phuong trinh trén, ta duoc:
(o} (o) =a{a} [M{a)

Tt biéu thire nay, ta rit ra:

(2.66)

. :{(/)i}T—{yO} (2.69)
el M]ie)

Pua (2.69) vao (2.67) ta duoc:
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0| _ {(Pi}T{YO} _
Doy g1 e

Véica hé (i=1—n)ta co ma tran khai trién chuyén vi ban dau:
Yo Yo o Vi
L0 b} - b R e
Y Yoz - Ym
Tir (2.66) ta c6 diéu kién kiém tra theo hang sau:

Yo = Ve = (Yo + Yo, +.¥0), k=11 2.72)

i=1

Tuong tu qua trinh trén, ta cling nhan dugc vecto tbc do ban dau khi khai trién

vao dang dao dong riéng thr “1” nhu sau:
T
)= oL bl ) @7
{¢i}T [M{o}
Ma tran khai trién toc d6 ban dau d6i véi ca hé:
VeV v
0 0 0
vel=[tw) g} - fwp]=™ = ™ (274)
Voo Vip oV
Cong thirc kiém tra theo hang:
vy :Zn:vfi = (Vo +Ve, +.v ), k=1—>n (2.75)

i=1

Cubi cung ta c6 phuong trinh dao dong tu do cta hé hitu han bac tu do:
{y®} =[Ya [{Ko®}+[ Vi [{K,o 0} (2.76)
Trong do: [Ykﬂ va [Vkﬂ] dugc xac dinh theo (2.71) va (2.74), con cac vecto
{K,o )] va {K, (b} la:

cosayt
cosw,t

{Ko®} = 2.77)

cosa,t
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(Ko} =1 @ (2.78)

Phuong phéap gidi bai toan dao dong tu do h¢ hitu han bac ty do & trén goi la
phuong phap khai trién theo cac dang dao dong riéng. O ddy 1a khai trién truc tiép
nguyén nhan tac dung bén ngoai theo cac dang riéng. Phuong phép nay con goi la:
phuong phap dua trén cac dic trung tan sb, hodc phuong phap cong dang dao dong;

phuong phap c6 thé duge dién dat & nhidu cach khac nhau.

Bai 8:
DAO DONG CUA HE HU'U HAN BAC TU DO CHIU TAC DUNG XUNG
Nhu d3 biét khi hé chiu tac dung cua xung luong, hé s€ dao dong tu do. Phuong
trinh dao dong tu do cua h¢ hitu han bac tu do ing véi dang chinh thir 1 c6 dang:

(Y} ={y’} cosmt +{v}}

sinat
o,

Trong d6 {y/}va {v’} dugc cho bi:

0y _ {(/’i}T{yo} e [0 = {(pi}T{Vo} 0
T

Van d¢ ¢ day la phai xac dinh {v’| nhu thé nao khi h¢ chiu tic dung cta xung
ture thoi?

Ta xem rang tai thoi diém ban dau t = 0, dudi tic dung ciia vecto xung luong
{S;}, (Vecto xung khai trién vao dang chinh tht i ciia cac xung lugng bén ngoai tac
dung vao h¢), cac khdi lugng cua h¢ s€ nhan dugc van tdc ban dau tuong tuy nhu trong

hé mot bac tu do:

Nhu vay, vecto van toc ban dau cua h¢ ung véi dang i:
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i i 0 0
Wyl & s,
0| |22 o L . olls,
{(W}=1""t=1m, ¢ hay:{v}= m, L=[M]T{s)  (279)
Vr?i Sni
S 0 0 1
m, L m, |

Néu xem ring chuyén vi ban dau cua hé bing khong: {y,o} ={0} thi sau khi thé
cac diéu kién ban dau vao phuong trinh dao dong ty do (2.65) ta nhan duoc vecto
chuyén vi ctia hé ung véi dang i:

) =[M]7 (s} Ka(t) (2.80)

sin it

Trong do: K, (t)= (2.81)

{S,} 1a vecto xung khai trién ng v6i dang dao dong riéng thi i.
Dé x4ac dinh {S}, ta cing dat:
(5} =aM]in)
va tién hanh tuong tu nhu khai trién chuyén vi va tdc d6 ban dau vao cac dang

riéng & phén dao dong tu do, ta nhan duoc:

_{a} {s} |
{Si}= ar [M]{(pi}[lvl]{co.} (2.82)

Trong do {S} la vecto xung luong bén ngoai tac dung vao hé.

GOp céc vecto xung khai trién theo cac dang riéng, ta c6 ma tran xung khai trién

cua ca hé:
S, S, .. S,
Sal=[is} {5} - s 2 T 289
S Siz o S,
Cong thire kiém tra theo hang:
S, :Zn:Ski =S, +S,,+..+5,, (2.84)
i1

Cudi cung ta c6 vecto chuyén vi cua cac khéi lugng ciing chinh 13 phwong trinh

dao dong cua hé chiu tdc dung xung:
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(YO} =[M] " [Su [{K4 ®)) (2.85)

Trong do, [S,,] 12 ma tran xung khai trién dugc tinh tir (2.82), {K, (1)} Ia vecto
c6 cac phan tir 1a K (t) duoc xac dinh theo (2.81). Néu xung tic dung vao hé khong
phai thoi diém t = 0, ma tai thoi diém t =1, thi vecto chuyén vi cua cac khdi luong
ung véi dang chinh thir i s€ 1a:

() =[M]* s, 2nat=0) (2.86)

R
Vecto lyc dan hdi tng v6i dang dao dong riéng tht i duogc tinh qua lyc quan tinh:
{P®}=—[M}{y.®)} (2.87)
Pua (2.80) véi dao ham cép hai twong tmg vao biéu thirc trén, ta duoc:
{dei (t)} ={S,} o sinwt
Hay: {P®} ={S} K;(t) (2.88)
Voi: K,(t) =@ sinat (2.89)
1a hé s dong hoc theo thoi gian g voi dang i1 khi hé chiu tac dung xung.
Vecto luc dan hdi cua ca hé:
(RO} =[Su]{K )} (2.90)
Trong d6 [S,,] 1& ma trén xung khai trién ctia ca h¢, {K;(t)} 1a vecto c6 cac hé s6
la K, (t) dugc xac dinh theo (2.89).
Chd y: Khi da cé vecto luc dan hi, ta c6 thé xac dinh vecto chuyén Vi cua cac
khéi luong qua ma tran mén:
{y)} =[F{R, ()} (2.91)
tir vecto lyc dan hoi ta co thé xac dinh chuyén vi va ndi lyc cta cac diém bat ky

cua h¢ qua ma tran anh hudng chuyén vi va ma tran anh huong noi luc.
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Bai 9:
TINH DAO PONG CUONG BUC THEO PHUONG PHAP
KHAI TRIEN TAI TRONG THEO CAC DANG RIENG

1. Xac dinh tai trong theo cic dang riéng
Vecto tai trong dong bén ngoai tdc dung vao hé dugc khai trién vao céc dang dao
dong riéng:
PO ={ROI+{R.O}+..+{RO}+..+{RO}
Ta cling dat:
{RO}=a®[M]{o}
Tién hanh tuong ty nhu khai trién chuyén vi va toc d6 ban dau vao cac dang

riéng & phén dao dong tu do, s€ nhan dugc:

(o (PO}
RO =L T M) (292

GOp cac vecto tai trong theo cac dang riéng, ta dugc ma tran tai trong khai trién

cua ca hé:
STRNLE Py
I I I
P, P, .. P,

Tai trong dong tac dung tai khéi lugng k duogc tinh kiém tra theo hang:
P.=Y P, =Ry +P,+..+R, (2.94)

Viéc thiét 1ap ma tran tai trong khai trién (2.93) tir cdc vecto {P} dugc xac dinh
theo (2.92), nhu vay 1a ta da khai trién tai trong dong bén ngoai vao cac khéi luong ciia
ca hé theo tung dang dao dong riéng, cling c6 nghia la ta da xac dinh tung c)t cia ma
tran [P, ]. Ta ciing c6 thé khai trién tai trong dong bén ngoai theo cac dang dao dong
riéng vao timg khdi luong k cua hé, nghia 1a ta di xac dinh timg hang ctia ma tran

[P ], cong thirc dugc tinh nhu sau:

(R} =mdiage, [®] [M]"{P} (2.95)
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Trong do: diage,la ma trdn chéo co céac phan tr trén duong chéo chinh Ia
@i 1=1—>n.
{P} 1a vecto cuong d¢ tai trong dong bén ngoai tac dung vao hé.

Khi ding dang dao dong riéng da chuan hoa, cong thire {R}" s& la:

(P)" =m,diagg, [®,,] {P} (2.96)
2. Phwong trinh dao dong cia hé
Khi hé hitu han bac tu do chiu tac dung cua “pi(t)
tai trong dé{lg c6 quy luat thay doi bat ky theo P.(Tf
thot gian, dé tim Ung vé1 dang dao dong riéng
thi i trong trudng hop nay ta co thé sit dung

phuong trinh nghiém cta hé hiru han bac tw do 0

v

. . T ] |dt
chiu tdc dung xung. Muon vay, trén biéu do tai -~ *

v

trong (g v&i dang chinh tht i, ta tach ra mot Hinh 2.4
phan t6 tai trong Gmg véi thoi diém 7 (hinh 2.4). Xem rang tai thoi diém 7 hé chiu tac
dung cua xung lugng phan t6 {dS;} :

ds, P:(r)dzr
dsS,; | Py (r)dr

fos}= ~{R()}dr

ds,; P.(r)dr
Xung luong phén té ndy s& giy ra chuyén vi dugc xac dinh theo (2.86) :
(dy, 0} =[M] " (R(0)}dr 11ALZD)
Tich phén biéu thirc trén ta dugc chuyén vi toan phan :
O} =M {R} K (2.97)

Trong d6 : {P} 1a vecto tai trong khai trién vao dang chinh thtr i, duoc xac dinh

theo (2.92) ; con :

K, )= jff(z')sina),(t—r)dz' (2.98)

1
@,
Vecto chuyén vi cd hé bang tong cac vecto chuyén vi doi véi cac dang riéng :

{y®}=[m ]_1[th]{Kai ()} (2.99)
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Trong d6 : [P, ] la ma tran tai trong khai trién theo cac dang riéng duoc thiét lap
theo cong thirc (2.93) ; {K, (t)} 1a vecto ¢6 cac phan tir 1a K, (t) dugc xac dinh theo

(2.98).
Ta thiy ring : phuong trinh dao dong ciia hé hiru han bac tu do (2.99) c6 dang

tuong tu nhu phuong trinh dao dong ctia hé mot bac ty do :
t
y(t) = ij‘ f(r)sinw(t-7)dr=M"P,K,_(t)
Moy
Vo1 .
t
1 .
K, (t) =—j f(z)sino(t—7)dr
2 0
3. Biéu thirc hre dan hoi
Luc dan héi c6 thé duge xac dinh tir ma tran cimg [K] va vecto chuyén vi dong
{y(t)} cuahé da tinh ¢ trén.
(RO} =[K]{y®)} (2.100)
Ta cling c6 thé xac dinh luc dan hdi tir ma tran tai trong khai trién theo cac dang
riéng va vecto hé $6 dong hoc theo thoi gian. Tuong tuy nhu luc dan hdi ctia hé mot bac

tu do chiu tai trong dong bat ky :
Ry () = R.K()

voi ; K(t) =a)j f(r)sina(t—7)dr

O hé hitu han bac tu do, vecto luc dan hoi ung véi dang dao dong riéng thir 1

duoc viét nhu sau :
(PO} ={R}K 1) (2.101)
Véi {R} la vecto tai trong khai trién ing voi dang i, K, (t) 1a hé sé dong hoc theo
thoi gian ung voi dang i :
Ki(t):a)ij‘f(r)sina),(t—r)dr (2.102)
0
Tir cac vecto luc dan hdi Gmg v6i cac dang riéng, ta s& co vecto luc dan hoi cia
cahé:

PO} =[P {Ki ®)} (2.103)
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Trong d6 [R,,] 1a ma tran tai trong khai trién theo cac dang dao dong riéng dugc

thiét 1ap theo (2.93) ; con {K;(t)} 1a vecto c6 cac phan tir 1a K, (t) duge x4c dinh theo

(2.102).
K, (t)
(K ) =12 (2.104)
K, ()
Bai 10:
TINH DAO PONG CUONG BUC THEO PHUONG PHAP
TOA PQ TONG QUAT

1. Toa dj tong quat
Déi véi dao dong cua h¢ hiru han bac tu do, chuyén vi ctia hé c6 thé phan tich

thanh tong cua cac chuyén vi thanh phan tng véi timg dang dao dong riéng :

Y (1) = g{vi ) =Y, O+, O+t YO o+ Y, ®)  (2.105)

D¢ x4c dinh cac chuyén vi thanh phan {Y(t)}, & phuong phap khai trién tai trong
theo cac dang riéng, ta xem {Y;(t)} duoc gy ra boi tai trong khai trién theo dang chinh
thir i :{P(t)} ciia hé tai trong dong bén ngoai, va mudn tim {Y,(t)} thi trude hét ta phai
x4c dinh tai trong khai trién {P,(t)} .

O day, ta xem{Y,(t)} bang tich cta chinh dang dao dong riéng{¢,} véi mot dai
luong Z, (t) nao 4o :

)} ={e}Z ) (2.106)

Néu tim dugc cac dai luong Z, (t) d6, thi ta s& xac dinh dugc cac chuyén vi thanh
phﬁn, va do do s€ xac dinh duoc chuyén vi cua hé.

Céc dai lugng Z, (t) d6 dugc goi 1a cac toa do tong quét cua hé. Phuong phap tinh
dao dong cua h¢ hiru han bac ty do di tir viéc xac dinh cac toa do téng quat duoc goi la
phirong phdp toa dé tong qudt.

Dua (2.106) vao (2.105) thita co :
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YO ={a}Z,+{0,} Z,+..+ {0} Z, +..+{0,} Z, (2.107)

Ta ldy so dd dAm mot dau ngam, c6 ba khdi luong dé minh hoa (hinh 2.5) :

V.}={e}Z,

1 Iy2 L - - 92'2 \\\
j rI?/l > '.‘_.‘5"‘: Ims @ 2 ............. :.yll Iy21 I @ j : Y I \\‘\Iy @

Hinh 2.5
T (2.107) ta thiy : ma trén céc dang dao dong riéng [®] 1a ma tran dé chuyén
cac toa do tong quat{Z} vé cac toa d6 hinh hoc ban dau {Y}.

Phu hop véi tinh chét truc giao cua cac dang dao dong riéng, ta co thé biéu thi

toa do téng quat Zibét ky qua chuyén vi ctia hé. Mudn viy, ta nhan trai (2.107) véi
to) [M]
o} IMIYOh={a) [MIaz++a) MIa}Zi+.+{a) [M]{e,} 2,
Ap dung tinh chét truc giao vao vé phai cua biéu thurc trén, ta duoc
o) MO} ={a} [Ml{a}Zz,
Suyra:

7 = {¢i }T [M ]{Y (t)} (2.108)

o) M]{e)

2. Xac dinh cac toa dd tong quat

Phuong trinh vi phan dao dong cua h¢ hitu han bac tu do khdng can c6 dang :
MY} +[K]{Y O} ={P®)} (2.109)

Ta sé& str dung tinh chat tryc giao ctia cic dang dao dong riéng dé xac dinh cac toa
d6 téng quat. Mudn vdy, trude hét ta dwa phuong trinh (2.107) va dao ham cip hai cua
n6 vao phuong trinh (2.109) :

[M][eNZm)}+[K][®]{z®)} ={P®)} (2.110)
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Nhan tréi hai vé ciia phuong trinh trén véi {¢,}' taco :

to} IM][@){ZO}+{a) [K][@{z®}={a} {PO)}  (2111)
Khai trién cic thanh phan & vé trai cua phuong trinh (2.111) va st dung cac biéu

thire tinh chit truc giao, ta s& nhan duoc phwong trinh sau
o) Ml HZ o) o) [KieHz O} ={a) (PO} (2112)

Ta dua vao cac ky hiéu méi :

M, ={n} [M]{o) (2.113)
K, ={o) [K]{n} (2.114)
RO ={p} {PO)} (2.115)

Mi dugc goi 1a khéi lugng tong quat, Ki duge goi 1a d6 cing tong quat, P, (t) duoc
goi 12 tai trong téng quat ciia dang chinh thir i. Gitra khoi luong tong quat va do cing

tong quat co su lién hé véi nhau boi cong thirc
[Kl{o} =o' [M]{a}

Nhén trai hai vé ctia dang thirc trén véi {o, }T , ta duoc :

K. = &’M. (2.116)

St dung cac ky hiéu (2.113), (2.114), (2.115) ta viét lai phuong trinh (2.112) nhu
Sau .
M, Z,(t)+K; Z,() =P (t) (2.117)
Chia hai vé ctia phuong trinh (2.117) cho M, va sir dung dén (2.116) ta dugc :

7 () + @lZ, (1) = % (2.118)

Phuong trinh (2.118) 1a phuong trinh vi phan chuyén dong cta hé mot bac tu do
v6i tan sO .. Giai phuong trinh ndy ta dugc nghiém 1a toa d6 tong quat Z.(t), nd dugc
xéc dinh bang tich phan Duamen :

Z.(t) :Mijpi(r)sinm,(t—r)dr (2.119)

i@
Vi bai todn dao dong tu do, phuong trinh (2.118) s€ 1a :

Z(t)+oZ (t)=0 (2.120)
Nghiém tuong trng véi1 phuong trinh (2.120) ¢6 dang :
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Z(t) =Zi(0)coswit+&sin wt (2.121)
i

Céac 7,(0),Z,(0) dugc xac dinh tir diéu kién ban dau & (2.108) va biéu thic dao
ham cua no.

Nhu vay, bang phép bién doi va st dung céc toa do tong quat (2.107), ta da dua
phuong trinh vi phan dao dong c6 su lién hé trong cdc ma tran [K],[M]vé hé chi chira
cac phuong trinh vi phan doc 1ap vdi cac toa do tong quat, moi phuong trinh déu tng

v6i hé mot bac tu do va dé dang nhan dugc nghiém.

Bai 11 :
PHUONG PHAP KHAI TRIEN TAI TRONG THEO CAC DANG DAO PONG
RIENG TiNH HE CHIU TAI TRONG PIEU HOA

Khi hé chiu tac dung cua tai trong dong c6 quy lut thay doi theo thdi gian 1a quy
luat diéu hoa :
R
{(P(t)} = & sinrt (2.122)
I:)n
thi chuyén dong cta hé khi 6n dinh ciing thay doi v6i quy luat diéu hoa, nghia
1a : nghiém ctia phuong trinh vi phan c6 vé phai ctia phwong trinh :
MUY} +[K{Y O} ={P®)} (2.123)
s€la: {Y(@®)}={Y}sinrt (2.124)
Trong d6 : {Y} la vecto chira cac bién do dao dong ctia hé.
Dua (2.134) va dao ham cap hai cia n6 vao (2.123) ta duoc :
([<]-r [M]){¥} = (P} (2125)
Ta tim nghiém cua phuong trinh (2.125) duéi dang t6 hop tuyén tinh cta céac
dang dao dong riéng chuan :

{Yi=[o,{Z} (2.126)
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Trong d6 : [®,,] 12 ma tran cac dang dao dong riéng da dugc chuan héa ; {Z}1a

vecto ¢6 cac phan tur la bién do dao dong cta cac dang, n6 chinh 1a cac toa do tong

quat chua biét. Pua (2.126) vao (2.125), ta dugc :
([K][@g]-r*[M][®,]){Z} ={P} (2.127)
Nhaén trai phuong trinh (2.127) véi [®, ]T , ta co:
([0u] [KI[@u]-r[0u] MI[@.])(Z}=[0.] (P} (2128)
Ap dung diéu kién tryc chuan vao hai vé cia phuong trinh (2.128), ta co:
([Q]-r*[E]){Z} =[@,] {P} (2.129)
Nhén trai hai vé cia phuong trinh (2.129) véi [Q— r’ [EU_l , ta nhan dugc

nghiém 13 cac toa do tong quat :

(zy=[a-r*[E]] [®,] {P} (2.130)

Pua (2.130) vao (2.126) ta nhan dugc phuong trinh chuyén vi cia hé:

vi=[o,)[@-r*[E]] [®,] {P} (2.131)
Ta dit: [D]=[Q-r*[E]] (2.132)
Va dua vao ky higu:

5= — (2.133)

Khi d6: [D]=diag(S,) (2.134)
Néu dit: [G]=[®.,][D][®..] (2.135)
Thi: {Y}=[G]{P} (2.136)

Ma tran [G] duoc goi 14 ma tran giai thic Green.

Nhu vay, khi tinh hé chiu tai trong diéu hoa, ta chi can x4c dinh ma tran Green,

r01 nhan véi vecto bién do tai trong 1a nhan dugc vecto bién d¢ dao dong ctia hé.
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Bai 12:
LUC TUONG UNG VOI TRANG THAI DAO PONG VA MA TRAN MEN
PONG HQC TONG QUAT CUA HE HUU HAN BAC TU DO CHIU TAI
TRONG PONG BAT KY

1. Xac dinh vecto lyc twong Gng véi trang thai dong ctia hé hiru han bac tu do
chiu tai trong dong bat ky

O phuong phap khai trién tai trong theo cac dang riéng, ta c6 vecto tai trong khai
trién dang i

:
()= 2L [ i)
{o) Mo}
Gia tri tai trong khai trién vao khéi luong k mg véi dang dao dong riéng thir i

duogc xac dinh tir biéu thirc trén nhu sau:

Ri = {(A%\;ﬂ M, @y (a)

Véi Mi 1a khéi luong tong quat thi i.
Vecto luc dan hdi ung véi dang dao dong riéng thir 1 dugc xac dinh boi:

(P} ={R}K® (b)

Trong d6 K, (t) 1a hé s6 dong hoc theo thoi gian duoc xac dinh boi
t
K, (t) = mj f(t)sinw (t—7)dr
0

Tt cac cong thirc (a) va (b) ta co luc twong Gmg véi trang thai dong tai khoi
lugng k ing v61 dang dao dong riéng thir 1:
| o) {P}
Pd,k (t) = Pki Ki (t) =M @ T Ki (t) (C)

Do vay, vecto luc tuong tng voi trang thai dong ung véi dang dao dong riéng

thir i s€ la:
(PO} =M{n} 12 (o) (P} ©
Cudi cung, vecto luc twong tng voi trang thai dong ctia ca h¢ duoc viét nhu sau
(P, 0} = [M[@]diag 2P} (2.137
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o K)o A Y A . X R \ . ,
Trong do: dlag$ la ma tran chéo c6 cac phan tir nam trén duong chéo chinh

3 Ki(t) . £ 1s , n - 2 Y Iy
bang #,I =1-—n; néu dung cic dang dao dong riéng chuan, thi tat ca cac khoi

lwong tong quat M, déu bang 1.

Cong thtr (2.137) cho phép ta tinh truc tiép duoc vecto luc twong Gmg vé6i trang
thai dong {P, (t)}, tir do c6 thé x4c dinh ndi luc va chuyén vi dong ctua hé dao dong.
2. X4c dinh ma trin mén déng hoc tong quat

O phuong phap cong dao dong, c6 thé biéu thi vecto chuyén vi cua hé 1a to hop
clia cac dang dao dong riéng voi cac toa d tong quat:

Yo} =[®Kz®} e)
Trong d6 : [®] 1a ma trin cac dang dao dong riéng ;

{Z(t)} 1a vecto c6 cac phan ti 1a cac toa do tong quat Z,(t)

201K =" o) (Plri=1on 0

Voi: Kai(t)=%i;[f(r)sina)i(t—r)dr @)
Tt (f) ta co thé viét vecto toa do tong quat clia ca hé:

(2} =diag 2 [o] (P} (i)
Pua (i) vao () ta duge:

Y (©)) =[@]diag Ka-(lt)[ I (P} (k)
Hay: (Y@ =[F,®](P) (2.138)
Trong do: [F, (t)]=[®]diag Ka'(t)[ o] (2.139)

O bai toan tinh ta ludn c6: {Y} =[F]{P}, véi [F] la ma trin mém, vi vdy ma tran

[F,(t)] ¢ trén duoc goi 1a ma tran mém dong hoc.

Bai 13 :

DAO PONG CUONG BUC CUA HE HU'U HAN BAC TU DO CO CAN
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1. Gia thiét vé lwc can va xac dinh ma tran tit dan
Khi tinh toan dao dong cudng birc cia h¢ hiru han bac ty do c6 can ta dung gia
thiét:
- Luc can ty 1€ voi van tbc — ma tran tit dan thoa man diéu kién truc giao va

duoc biéu thi béng quan hé sau:
{0} [Clip;} =204, (2.140)
Trong d6: &, - tham sd tat dan,
8, - ky hi¢u Cronheker : &; ={p}" [M]{g;}

O (2.140) ta thay rang : Cac dang dao dong riéng cua hé khi ké dén va khi khong
ké dén anh huong cua luc can 13 tring nhau. Chiing truc giao véi nhau qua ma tran tat
dan [C]. Diéu d6 c6 nghia 13 su tiéu hao ning luong trong qua trinh dao dong cua hé
duogc tinh bang tong cac ning luong hip thu & mdi dang dao dong riéng. Nhu vay, tac
dung cua tai trong ngoai va cac diéu kién ban dau d6i voi mdi dang dao dong riéng déu
c6 thé duoc tinh mot cach doc 1ap. Su thoa man diéu kién (2.140) s& d& dang cho phép
tinh dao dong ctia hé hitu han bac tu do c6 can theo phuong phap khai trién theo céac
dang riéng.

Phu hop véi diéu kién ma tran tit dan thoa mén diéu kién truc giao. Reighley da
gid dinh ma tran tat dan bﬁng to hop ctia cac ma tran do cling va ma tran khdi luong :

[C]=a,[M]+a,[K] (2.141)

Trong d6: a, va a, la cac hé $6 ty 1€ nao do. Cac h¢ sb nay dugc xac dinh theo
c4c gia tri khac nhau ctia tham sd tat dan va tan s6 dao dong riéng.

2. Tinh dao ddng cudng birc theo phwong phap khai trién tii trong theo cac dang
riéng c6 xét dén e can

Khi phan tich dao dong ctia hé thanh cac dang riéng, ta xem chuyén vi cta hé
bang tong cac chuyén vi thanh phan, trong d6 mdi chuyén vi thanh phan twong tng véi
mot dang dao dong riéng. Bai toan xét chuyén vi dbi véi timg thanh phén 13 bai toan
dao dong ctia hé mdt bac tu do. Khi xét dao dong cudng burc cod ké dén anh huodng cua
Iuc can, phu hop voi gia thiét ¢ trén ta c6 thé xét mot cach doc 1ap ting dang dao dong

thanh phan nhu hé mét bac ty do.
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Phuong trinh dao dong ctia hé mot bac tu do chiu tai trong dong bat ky co xét

dén anh hudng cta luc can c6 dang :

t

y(t) = _lec ! P(r)e ™ D sina,(t-7)dz

Hoic c6 thé viét : y(t) = % K. (1)

Trong do6 : P(t)=P f(t) va:

t

Ko =— [ f (©)e™sina,(t-o)dr
a)c 0

Ddi v6i hé hitu han bac tu do, tai trong khai trién theo cac dang dao dong riéng

co6 dang:
n
Re=2_Ri=Ri+R.o+..+R,
i=1
chi ¢ vecto cac hé s6 anh huéng dong hoc s& ké dén anh huong cua lyc can phu
hop v&i hé s6 K, (t) o trén. Cu thé ddi voi cac phan tir K, (t) duoc viét nhu sau

t
K, (1) =— [ 1 @e™  sing, (t-7)dr (2.142)

I,c 0

Chuyén vi ctia hé van duogc xac dinh theo cong thuc :

{Y (t)} = [M ]_l [ Pan ] { Kai ()]
3. Tinh dao ddng cudng birc theo phwong phap toa do tong quat cé xét dén lwe
can
Trong truong hop xét dén anh hudng cia luc can, phwong trinh vi phan biéu thi
dao dong ddi véi cac toa do tong quat co dang sau
M. Z.(t)+C, Z,(t) + K, Z,(t) = P(t) (2.143)
Trong do6 :
C={p} [Cllo)}=2m &M,
Phuong trinh (2.143) dugc viét lai :

Zi 0 +20 ¢ Zi (t)+ C’)iz Z,(t)= I:I)'\/Ii (2.144)

1
Day chinh 1a phuong trinh vi phan dao dong cia hé mot bac ty do tng véi tan sd

o, d6i v&i hé c6 khoi lwong tong quat M., do climg tong quat K., chiu tai trong tong
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quat P(t), va hé s tit dan téng quat C,.Toad) téng quat Z,(t) 1a nghiém cua phuong
trinh vi phan (2.144).

1
Mia,

Zi (t) =

P(r)e " Ising,, (t—7)dz (2.145)

[ S——

Chuyén vi cta hé 13 t6 hop cia cac dang riéng dugce tinh boi :
{r@=[o]{zm)

Trong d6 : {Z(t)} 1a vecto c6 cac phan tir dugce xac dinh theo (2.145).

®.

24 Trinh tw tinh toan hé dao dong hiru han bac tw do chiu tac dung cua tai

trong dong bat ky duoc tién hanh nhu sau:

1. Xac dinh céc tan sd dao dong riéng va cac dang dao dong riéng cua
hé. Dbi vai bai toan ¢ 10n, ta phai giam c& bai toan va chi xac dinh mdt sb tan sO va
dang dao dong riéng thép.

2. Phan tich tai trong tac dung 1én hé ra cdc tai trong khai trién theo timng
dang dao dong riéng; hoic xac dinh cac toa do tong quat ung véi cac dang dao dong
riéng.

3. Xac dinh chuyén vi cta hé tir két qua nhan dugc ma tran tai trong khai
trién, hodc ma tran cac toa dd téng quat ¢ budc trén.

4. Xac dinh lyc dan hoi dé tinh ndi luc ciia h¢ :

{R®) =[K]{Y )

O phuong phép khai trién tai trong theo cac dang dao dong riéng, luc dan hoi co
thé dugc tinh truc tiép tor ma tran tai trong khai trién theo cac dang chinh dao ddng.
Trén co s& d3 xac dinh duoc luc dan hdi, ta c6 thé tim duge chuyén vi va noi1 luc cua
mot diém bat ky trén hé. O phuong phap toa do tong quat, lyc dan hoi phai tinh qua

chuyén vi {Y(t)} va ma tran cimg [K].
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Chuong 3
PHUONG PHAP PHAN TU HU'U HAN
THEO MO HINH CHUYEN VI

Muc dich:
- Cung cip cho sinh vién nhitng kién thirc co ban cia phwong phap phan tir hiru han va
viéc mo hinh héa tinh toan két cau theo phuong phap PTHH.
Yéu ciu:
- Sinh vién niam duoc phan chia két ciu thanh cc phan tu;

Sinh vién nhan bi¢t dugc cac ma trdn cua phan tir va véc to lyc nut;

Sinh vién nhan biét dugc cic phuong trinh co ban dé giai bang phuong phép phan ti

hitu han;

Sinh vién nhan biét dugc cac budc giai bai toan két ciu bang phuong phap PTHH.

3.1. Su roi rac hoa két cau lién tuc

3.1.1. Khai niém vé phén tir hitu han

Trong phuong phap phan tir hitu han ta chia két cdu thanh mot sb hitu han bat ky cac mién,
cac két cAu con véi kich thudc cang nho cang tét. Cac két cdu d6 dugc goi 1a phan tir hitu han
(PTHH).

Céc PTHH 6 thé:

- Co hinh dang va kich thudc khac nhau.

- C6 tinh chét vat liéu thay d6i tir phan tir ndy sang phan tir khéc.

Kich thuée va s6 lwong PTHH phu thudc vao:

- Dang hinh hoc va tinh chét chiu luc cua két cau.

- P chinh xé4c yéu cau cta bai toan.

M@ hinh roi rac hod can thoa man cdac diéu kién:

- Xap xi cang chinh xac cang tét cac tinh chat hinh hoc va vat liéu ctia két cau thuyc.

- Tranh duoc cang nhiéu cang tot nhitng kho khan vé mit toan hoc khi dung mé hinh dé
phan tich két cau.

3.1.2. Tinh chit ciia PTHH

a. Cdc PTHH ¢6 thé ¢é dang:

- P6i v6i dang khong gian:

+ Hinh chdp
+ Hinh hop
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- B6i v6i hé phang:
+ Thanh thang

+ TAm tam gidc

+ TAm chit nhat

b. Bién ciia PTHH c6 thé:

- Thing

- Cong

c. Lién két giita cdc phan tir:

- Khong phai ndi doc theo toan b cac bién chung ma chi ni & mét sé diém goi 1a nit.

- Tuy theo s6 lugng nit trén moi bién ma chia ra:

+ PTHH tuyén tinh: cac nat chi duoc
dit ¢ dinh cta phan to, trén mdi canh
chi ¢6 2 niit & 2 dau.

+ PTHH bdc hai: Mbi canh ¢6 3 nut, 2 nit
& dau va 1 nat & bén trong mdi canh
(thuong ¢ gitra).

+ PTHH bdc ba: Mbi canh ¢6 4 nut.

— Trong thuc té thuong dung PTHH tuyén tinh, PTHH bac hai. PTHH béc hai ¢6 vu diém
vé do chinh xac cao hon so v6i PTHH tuyén tinh khi chon sb lugng PTHH cho mét két cau.
3.2. Trudng chuyén vi

3.2.1. Truong chuyén vi

Phuong phap PTHH theo mé hinh chuyén vi chon chuyén vi nat 1am an sd. Vi vay ta phai
chon mot trudng chuyén vi ma qua do ta co thé xac dinh mot sy twong tng giita cac chuyén vi
clia cac diém bat ky bén trong PTHH véi cac chuyén vi niit cia PTHH.

Do chua biét tinh hinh chuyén vi bén trong phan tir nén ta gia thiét ham chuyén vi cho timg
PTHH. Thuong chon dudi dang ham da thue:

u(x,y) =o +a,X+azy +..... (2-1)

Dbi véi bai toan khong gian:

u(x,y,2)
Ul=vixy.)p (22)
w(X,y,z

Daoi véi bai toan phang:

U }={“(X’ ”} (2-3)

v(x,y)
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Dbi véi bat ky loai phan tir nao, cac hé sd ai trong da thirc bang téng sb cac chuyén vi nat
ctia PTHH tuong tng. Cac hé sb ai dong vai tro thong sé ma trong qua trinh tinh toan tiép
theo s& duoc biéu thi theo cac chuyén vi nut gj cuia PTHH thu i.

Nhu vay ham chuyén vi {U} dugc biéu dién thong qua ma tran chuyén vi nat {q} c6 dang:
Ui=[Bla} (@4

Trong do:

[B]: 1a ma tran phu thudc dang phén ttr, 12 ma tran bién d6i chuyén vi nit gi thanh chuyén
vi cta diém bat ky trong truong chuyén vi, la ma tran phu thudc va toa do x,y,z cua diém
trong PTHH.

{q}: 1a vécto chira chuyén vi nat qi cia PTHH th i.

— Céc chuyén vi nit qj 1a 4n s cta bai toan nén goi 1a phwong phap phan tir hitu han theo
mo hinh chuyén vi.

3.2.2Vidu

1. Cac phan tir tuyén tinh:

- Piéu kién can va da dé moét PTHH tuyén tinh 1a cac ham chuyén vi ciia nd c6 dang da thirc
tuyén tinh chira mot sé s6 hang bang s6 lugng chuyén vi tai cic nut cia PTHH.

+ Phan tir tam giac:

.

u(x,y)=a, +a,x+ay

(2-5)
V(X,¥)=a, +ax+ oy
+ Phan tir chi nhat: * ?
u(x,y) = a; + o X+ azy + a, Xy (2-6)
V(X,y) = a + o X+ ;Y + Xy

- Cac PTHH bac hai:

Diéu kién can va du dé moét PTHH bac hai tuong thich l1a cac ham chuyén vi cia n6 c6 dang
da thirc bac hai chira mot s6 sb hang bang sb luong cac nut cia PTHH.

+ Phan tir tam giac:

U(X, Y) = @y + X + oY + o, X2 + Xy + gy’ @7)

V(X,Y) = &, + ogX + agY + oy X + o XY + ag,y’

+ Phén tt chit nhat:

U(X, Y) = @, + QX+ agy + a X2+ agXy + agy* + o, XY + Xy’ 28)

V(X, Y) = o, + agX + agy + o Xo + oy XY + ag, Y + o XY + oy Xy
3.3. Cac phuong trinh co ban cia phwong phap PTHH

3.3.1. Phuwong trinh cin bang ciia PTHH thir i
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a. Phwong trinh cdn bang cia PTHH thi i trong hé toa dé dia phwong
Hé toa d6 Oxyz gan voi PTHH thir i
ap dung nguyén 1y cong kha di cho hé dan hdi tuyén tinh:

- Theo diéu kién can bang: {R}, = I[D]T {o}dv

- Theo diéu kién vat 1y: {o}, = [E, ] {¢}
- Theo diéu kién chép: {g}i = [D] {q }i

suyra: {R); = | [D] [E,J[Dldvia)

Hay: {R} =[K]{a}; véi [K] =] D] [Ell (2-9)
Trong do:

[K]i 1a ma tran d¢ cing ciia PTHH tht i, chira cac dic trung co hoc va hinh hoc ctia phan tir
do. (biéu thi phép bién d6i tuyén tinh tir ma tran chuyén vi sang ma tran lyc). PTHH c0 fi
chuyén vi nut thi [K]i c¢6 cép 1a fi.

{R}i: ma tran (vécto) ngoai luc ¢ cac thanh phan dit tai cac nat cia PTHH thir i.
{q}i: ma tran (vécto) chuyén vi nit, c6 cac thanh phan tuong (mg véi cac thanh phan cua
{R}i
b. Phuwong trinh cdn bang cia PTHH thit i trong hé toa dg chung o’x’y’z’
- Hé toa d6 0’x’y’z’ gin voi toan b két cau:
y

Hé toa d6 dia phuong

-
H¢é toa chung

- Cac ma tran {R}i, [K]i, {q}i duoc thiét lap cuo ne wa ao wia phuong oxyz gin voi PTHH
thir i. Ta s& thiét 1ap quan hé {R’}i, [K’]i, {q’}i trong hé toa d6 chung gan v&i toan hé.

+ Quan hé giita {q}iva {q’}

Ta 6 su lién hé: {q}, =[T ] .{a'}, (2-10)

Trong do6 1a ma tran chuyén toa do tur hé toa do 0’x’y’z sang hé toa d0 oxyz.

- Bé don gian ho4, ta xét 1 diém nut c6 3 thanh phan chuyén vi 1a:
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{a}={az, 92, g3} trong h¢ toa d6 dia phuong oxyz

{q’}={d’1, 4’2, q’s} trong h¢ toa do chung 0’x’y’z’.

Ky hiéu:

I, Iy, Iz 12 cosin chi phuong cua truc x so vdi 0’x’, 0°y’, 0°Z’.
lyx’, lyy’, lyz 1a cosin chi phuong cta truc y so vdi 0°x’, 0°y’, 0°Z’.
I, |2y, 12 1a cosin chi phuong cua truc z so véi 0’x’, 0°’y’, 0°Z’.
Ta co:

ql = Ixx'qll+|xy'q'2+|xz‘ql3

qz = Iyx'qll+|yy'q'2+|yz‘ql3

ql = sz'q'1+|zy'ql2+|zz'ql3

Viét dudi dang ma tran:

0, Ixx' IXY' Ixz' qlI
QZ = Iyx‘ Iyy' Iyz' : qzI (2'11)
q3 sz' Izy' Izz' q3'

Hay: {q}i = [I]-{ql}i

Trong do [1] 1a ma tran cac cosin chi phuong.

Nhu vy d6i v6i 1 diém thi:

{q}i =[T]i.{q’}i trong d6 [T]i=[l] (2-12)

- P6i v6i hé thanh phang trong mit phang xoy, PTHH thir i 1a thanh thang c6 2 nut. Mdi nat
¢6 3 thanh phan chuyén vi: 2 chuyén vi thang va 1 chuyén vi xoay.

gs Ads’ Y Y
@
y x
Z@_z/w/ x
i o L, Ly O cosy siny 0
H‘{o [|]} véi [l]=1, I, 0 |= |=siny cosy 0 (2-13)

o o0 I, 0 0 1

- Trudng hop thanh khéng gian, PTHH thtr i 1a thanh thang c6 2 nat. Mdi nat ¢6 6 thanh
phan chuyén vi: 3 chuyén vi thang va 3 chuyén vi xoay.

Il o 00
my-[o U o| @
0 0 o [

- Trudng hop téng quat: PTHH thtr i ¢6 nhiéu chuyén vi nut thi ma tran [T]i 1a ma tran khdi

chéo c6 dang:
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0
[Fi=0 o [i] (2-15)
0

- Quan hé giita {R}i va{R’}i .
Do dung chung 1 hé toa do dé mo ta tinh hinh luc va chuyén vi nut cua hé, do gia thiét 1a
Iuc va chuyén vi tai toa dg j 1a cung chiéu nén khi chuyén tir hé toa d dia phuong oxyz sang

b -

hé toa do chung 0’x’y’z’ thi quan h¢ gitta {R}i va{R’}i cling c6 dang tuong ty nhu quan hé
gitra {q}iva {q’}i

{R}i = [T]i.{R’}i = {R’}i=[TT%4{R} (2-16)

- Phirong trinh cén bang:

+ Trong mdt phdng oxyz:

Theo (2-9): {R}i = [K]i {q}

Theo (2-12): {q}i = [T]i.{q’ }i

Theo (2-16): {R’}i = [T]%i.{R}:i

+ Vay trong mat phcfng oxy’z’:

(R} = [T IKT[TT-{q’ ) (2-17)

Véi [T] 1a ma tran truc giao: [T]%i = [T]"i thay vao (2-17):

R} = [T]"[K][TTAq )

Hay: {R’}i=[K’]i.{q’}i (2-18)

Véi [K1i=[TIN[K] [Tl (2-19)

Mit khac theo (2-16): {R’}i = [T]"i.{R}i (2-20)

3.3.2. Phwong trinh cin bang ciia toan bd két cAu (phuong trinh cin bang tai nit)

- Gia st hé duoc roi rac hoa thanh m phan tir.

- Viét phuong trinh can bang cho timg phan tir trong hé toa d6 chung 0’x’y’z’ theo (2-18).

- Gop cac phuong trinh can bang cua timg phan tir cho ca hé gém m PTHH.

{R’}1=[K’]1 {ah
{R’}1= [K'] {a}2
{R’}m= [K’Im{q}m
Viét gop lai ta co:
®L TKL0) o] 0 [k
Ry | |0 [KT [o] - [o] | |{a%,
RO
] [o] . -]
- ] [o] . -]
R} o] [o] KT Lt ]

86



Hay: {R}=[KHa} (2-21)
Trong do:

RI={R L R (R

Nhan xét:

- Khi viét phuong trinh (2-21), mot ) phﬁn tr cia duge viét lap lai mot s6 lan (vi du: tai
nat k c6 r phan tr quy tu tai nat thi trong {R’} = [K’].{q’} co r phuong trinh thé hién diéu
kién can béng tai nut k, cac thanh phén gi’ va Ry’ dugc viét lap lair l?m).

- Gop r phuong trinh nay thanh 1 phuong trinh chung, ta viét lai phuong trinh can bang cta
toan hé ¢ dang:

RI-Klal e

Trong d6 cac phan tir qj° ctia {(_]} chi duoc viét 1 1an tai nit k.

+ Quan h¢ gitra {q} va {q’}:

Biéu dién {q’} theo {a} thong qua ma tran [H]:

}=Hla} @29

Trong d6 [H] 12 ma trdn ma cau trac ctia nd phy thudc vao dang két ciu.

+ Quan h¢ gitra (R} va {R’}:

Ri=HT.R}  (2-25)

+ Quan h¢ gitra {K | va {K’}:

Tir 2-25): {Rj=[H] (R}

Theo (2-18): {R’}i=[K’]i.{q’}i

Vatheo (2-24): {q'}=[H}{a

vaysuyra: {Rl=[H] [k }al= [ o}

vay: Rj=|[Kfa} vséi [K|=[HT [K][H] (2-26)

Ghi chu:

- Vécto {ﬁ} 1a vécto luc nut da quy doi (tai trong tac dung bén trong phan tir duoc quy doi
thanh céc lyc nit twong duong dat tai nut).

Néu tai niit ctiia hé con co cac ngoai luc tip trung, ta xép thanh cac véc to ngoai luc tap trung

{R_P} dat tai nat cua h¢ trong hé toa do chung va cong thém vao cac véc to theo biéu thirc:

Rl-Rl &) @2
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- Phuong trinh (2-23) biéu thi sy can bang cua két ciu van con 1a vét thé trong khong gian
(chua c6 diéu kién bién). Ta phai dua diéu kién bién ctia két cdu thuc va véi cac lién két ngan
can chuyén vi (a ;=0) tai mot sd nit cua hé. Lic ndy phuong trinh (2-23) c6 dang:

R =[K*Ha*}  (2-28)

{R*}, {q*} dugc suy ra tur {ﬁ}, {a} bang cach loai bo phan tix ﬁ,— , aj tuong ung voi toa do
(lién két) thr j co6 g;=0.

[K*] duoc suy ra tr [R] béng cach loai bd hang thir j va ¢4t tha j twong Gng voi lién két thir
jco g,=0.

- Gidi phuong trinh {g*}=[K*[".{R*}  (2-29)

Tém lai ta c6 cac phwong trinh cAn bing sau:

1. PTCB cho PTHH thu i, trong h¢ toa do dia phuong thong qua [T];:

{R}i = [K]i {q}i
2. PTCB cho PTHH thu i, trong h¢ toa d6 chung:
{R7}i = [K’]i{q’}i
3. PTCB cho cac PTHH, trong h¢ toa d6 chung thong qua [H]:
{R}=[KHa

4. PTCB cho két ciu con tu do (ké dén diéu kién lién két gitta cac phan tir, nhung chua c6

Ri=[KJaf
5. PTCB cho két cau cu thé (da co6 diéu kién bién), trong h¢ toa d6 chung:
{R*j=[K*Ha*)
3.4. Xac dinh ma tran d¢ ctirng [K]i cia PTHH thir i
- P61 v6i phan tir ¢6 hinh dang bat ky, ma tran d6 cing [K]i cia PTHH thtr i dugc xac dinh
theo (2-9):

diéu kién bién), trong hé toa d6 chung:

jD] [E ][

Trong do:
[Eo]i 12 ma trdn dan hoi cta vt liéu, xac dinh tuy theo trang thai U'S - BD trong phan tt.

+ Trong bai toan khong gian (bai toan 3 chiéu):

20— ) 2u 2u 0 0 0
24 2(1— ) 2u 0 0 0
[E,]= E 2p 2u 21-u) 0 0 0 (2-30)
21+ )(1-24)| 0 0 0 1-240 0
0 0 0 0 1-2u 0
0 0 0 0 0 1-2u
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+ Trong bai toan trang thai ing suit phang (bai toan 2 chiéu):

e 2 2u O
[E)]=———|2u 2 © (2-31)
Co2-uY)|, 0 1-u

+ Trong bai toan trang thai bién dang phéang (bai toan 2 chiéu):

20— ) 2u 0

= 2 21— ) 0 2-32
20+ ) -22) Oﬂ O( ) s (2-32)

[E,]

+ Trong bai toan thanh (bai toan 1 chidu):

[E,]=E (2-33)

[D]i dugc xac dinh tir quan hé: {¢}=[D]{q}
Miit khac tir cong thire Cauchy: {s}=[V}{U}
Theo (2-4) tacé {U }=[B]{q}
vay: {e}=[v][B}{aj=[DHa} — [D]=[Vi[B]

Ma trén toan tir Laplace [V] ldy nhu sau:

+ Trong bai toan khéng gian:

(6 O 0
X 5§ 0
0 §y i
0 0 &
VlI=ls &5 o0 (2-34)
& x5
0 o
s & &
% 0 &
+ Trong bai toan phfmg:
9 9
X
vl=lo 2| (235
s
LY >

3.5. Quy doi lwe phan bd thanh lyc tip trung twong dwong dit tai nit cia PTHH
Luyc tac dung ngoai lyc dat tai nat con co:
- Lyc phan bb theo thé tich ¢6 cuong do:
{pv}={pwx pvw pvz} (2-36)
- Lyc phan bb theo dién tich c6 cuong do:
{ps}={psx Psy pz}  (2-37)
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Véc to luc nat:

R}=[[B] {p.Jav va {R}=([B]

Déi voi phan tir thi i, véc to lyc nat twong duong 13:
Ri=RJ+{R}
3.6. Trinh tuw gidi bai toan theo phwong phap PTHH

Dé giai bai toan dung phuong phap PTHH theo mé hinh chuyén vi ta can thuc hién theo cac
budc nhu sau:

- Bu6e 1 (budc chuan bj):

1. Chon loai va dang PTHH thich hgp véi két cAu da cho.

2. R&i rac hod két cau thanh luéi cac PTHH.

3. Xéc dinh trudng chuyén vi {U} thich hop ciia PTHH.

- Buoc 2: Xét PTHH thu i trong hé toa d dia phuong

4. Xéc dinh [K];

T
[k} = [[D] [E,}[D] v

+ Tir trudong chuyén vi {U }=[B}q} — [B]

+ Xac dinh [D]=[V][B], [V] tinh theo (2-34), (2-35).

+ Xac dinh {Eo} theo (2-30), (2-31), (2-32), (2-33).

5. Xac dinh [R];

Rl ={R}+ R} voi (R}=[[B] {p,Jav va {R.}= [[B] {p.Jas

- Buoc 3: Xét PTHH thu i trong hé toa d6 chung
6. Xac dinh [K’];
[KTi = [T]".[K]i.[T];
[T]i xac dinh theo (2-12), (2-13), (2-14), (2-15).
7. Xac dinh {R’};
R} = [T]i{R}:
[T]i xac dinh theo (2-12), (2-13), (2-14), (2-15).
- BurGe 4: Xét toan bo két cau trong hé toa do chung
8. Xac dinh [K’]
(K=MK LK [K T
9. Xac dinh {R’}
{R’}= {{R’}1 {R’}2...... {R’}m}
10. Xéc dinh [K ]
[K]=THT ki
11. X4c dinh [R]
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RI=[H] R}

Ri=Ri+Re)

12. Xac dinh [K*]

13. Xac dinh [R*]

14. Giai phuong trinh xac dinh dugc {q*}.

15. Xéc dinh noi lyuc, Gmg suat.
3.7. Phwong phap sé mi dé 1ap ma trin dé cing [K ] va vécto lwe nit {ﬁ} cda toan b
hé

Hé phuong trinh co ban dé giai bai toan theo phwong phap phan tir hitu han c6 dang:

{R*j=[K*Ha*

Phuong trinh nay duoc suy ra tir phuong trinh: {ﬁ }: RJ{&}

Trong d6 vécto chuyén vi nit {a } gdm céc phén tir dugc sap xép theo thir tu chuyén vi nit
ca toan bd két cau. Vécto luc nat {ﬁ } va ma tran d cing [R] c6 cac hang va cac cdt ciing
duoc sap x€p theo thur ty tuong g véi chuyén vi ntt.

Vi du: Xét khung nhu hinh vé:
v

Vécto chuyén vi nut { a } c6 dang:

{a}={d1 a2 9’3 @4 ¢5 s 97 s 99 q'10}

Vécto lyc nut { R } c6 dang:

{R}={R1 R R’z R4 R’s R R’7 R’s R’s R'io}

Va ma tran do cing [R] c6 cac hang va cac cot ciing duoc sip xép theo thir tu trong ting
v6i chuyén vi nat.

Ma tran [K] va {R} ¢6 duoc tir [K’] va {R’}, xuét phat tir ma trdn do ctng [K’]i va ma
tran lyc nit {R’}i cia phan tr thir i trong két cdu ¢ hé toa do chung.

Phuong trinh can béng cua PTHH thu i trong hé toa dd chung la:

{R}i=[K’]i.{q’}i

Trong d6 1a vécto chuyén vi nit co cc thanh phan da dugc danh s6 va sap xép theo thir tu
dd duoc quy dinh cho phan tu.

Vi du:

- Phan tir 1 1a thanh dau ngam dau ngam: {q’}1={q’1 Q2 q’3 94 Qs Qe

- Phan tir 3 1a thanh dau ngam dau khop: {q’}s={q’1 Q2 q’3 Q4 q’s}3
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- Phén tir 2 13 thanh dau khép dau khop: {q°}= {q’1 q’2 q’3 qa}2

Ma tran d6 cimg [K’]i va ma tran Iyc nit {R’}i ciing dugce danh sé va sap xép theo thir tu
tuong ung voi {q’}i.

Trong khi d6, & vécto chuyén vi nut cua toan bo két ciu , vécto chuyén vi nat lai c6 cac
thanh phan duoc danh sé va sip xép theo thu ty.

-Phan tir 1:{q’}1={q’1 q"2 Q"3 94 q’5 q'eh

-Phan tir 3:{q’}s={q’4 q’s Q6 Q7 Q9 q’10}3

- Phén tr 2:{q’}2= {q’7 q’s ¢4 q’sh

Do viéc danh s6 khac nhau vé toa do chung cua toan bd két cdu va toa do chung cua riéng
phan tir nén ta can luu ¥ sip xép dung vi tri ctia phan tir trong [K’] va {R’} vao [R] va {ﬁ }.
Viée sip xép nay c6 thé duoc thyc hién nho phuong phap sé ma nhu sau:

MB&i chuyén vi nat va luc nat dugc dit tén boi 2 s6 ma:

1. 86 md dia phwong 1 s6 ma tir 1 dén f (f 12 tong s chuyén vi nat cia mdi phan tir — tong
s6 toa d0 chung cua riéng phén t). Néu cac phén trcof chuyén vi nit nhu nhau thi s6 ma dia
phuong cta chiing 13 giéng nhau.

2. S6 md chung 12 s6 ma tir 1 dén n (n 13 tong s6 chuyén vi nat ciia toan bo két cdu — tong sd
toa d6 chung cta toan bo két ciu).

Ta co6 thé xem bang dudi day dé thdy ré duoc cach danh sé ma cho chuyén vi niit ciia timg

phan tir theo s6 ma dia phuong va s6 ma chung cta h¢ cho trén hinh vé:

PT Loai Y° S6 ma dia phwong S6 ma chung

1 0° ry2|33|4 /516|123 |45 |6
2 o SIS 300 | 17|23 | 4 A I T A S

3 60° | 1”2 |3 |4 |5 41516 |9 |10

Theo cach danh s6 ma trén, ta c6 thé 1ap duoc ma tran [R] va {ﬁ } mot cach dé dang hon

ma khong phai thong qua ma tran [H].

Dua vao ¥ nghia vat 1y ciia cic phan tir trong ma trén [R] va {ﬁ }, ta c6 thé xac dinh cac
phan tir d6 theo cong thirc sau:

K] 2Ky v Ri]- 2RY

O day cac chi sb r va j duoc ldy theo s6 ma chung trong ma tran [R] va {ﬁ }, vatrong cac
ma tran [K’]i va {R’}i clia cac phan tir thu i.
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1 20 3 4 5 ¢ chung

1' * * * * * * 1" 7' 8' 4 5| Chung
2' * * * * * 2' 1' * * *
3' * * * 3' K|(1) ' 2! * *
e sira==Y u N Sl R
4 |* * | 4' 3 (dX) I
5 | * * | 5 4 L _*
| | dia phuong 1' 2" 3
6' L L____*16¢6

CﬁaphUO’ng 1! 21 3! 4! 5! 6!

1 2 3 4 5 6 7 8 9 10chung

* 1'

*]|
*
*
*
*
*
*
*
*

* * * * * * * * * 2'

4 5 6 9 10 chung

1' _F:_M 4| * * * * * * * * 3! (O]
! ) C— = —n
v | \.K * @ * * * * * 4 _
2| T | | Kas
. ! | , _ | * * % % * % 5'
(K=3"|L____*3 * * 6 K= | |
4 @ - |9 A ; 6
* * * * 7'
S'L * 10 (dx)
d’a phUOng 1' 2' 3' 4' 5| * * * 8‘
* * 9'
L * _ 10'

Chang han phan tir [Kas] (hang 4, cot 5) ciia ma tran [R] dugc xac dinh 13 téng cua cac
phan tir K’s5ctia ma tran cua [K’]1 phan tir 1 (hdng 4, cét 5), [K’]2 ctia phan tir 2 (hdng 3, cét
4) va [K’]3 ctia phan tir 3 (hang 1, cét 2).

Ky =K +K G 1KY

Thuc hién twong tu d6i voi cac phan tir trong ma tran {ﬁ}:

1" 2 3 4" 5 6 chung 7' 8 4' 5' chung
Rh={+ » =« @ » = Rp={+ =« (& =}

1" 2 3 4 5 6 diaphuong 1" 2' 3' 4' dja phuong

4'" 5 6' 9 10'chung 1" 20 3 4 5 6 7 8 9 10 chung
{R'}3={[@7717ij * *} {ﬁ}: {* * * E®7,*,,i] * * * *}

1 2 3 4' 5 djaphuong
Chéng han: Phan tir R_4cﬁa ma tran {ﬁ} (hang 4) 1a téng cua cac phan tir R’4 ciia cac ma

tran {R’}1 ciia phan tir 1 (hang 4), {R’}2 ctia phan tir 2 (hang 3) va {R’}3 ctia phan tir 3 (hang
1).

Nhu vy, xudt phat tir cic ma trén ta c6 thé 1ap duoc ma tran [R] va {ﬁ } mot cach dé dang

hon ma khong phai thong qua ma tran [H]. Sau d6 ta 1ap ma tran {R*} va [K*] bang cach suy
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ratlr {R} véi viée loai bo phan tir R; twong tmg voi toa do (lién két) thir j c6 g, =0 va tir
[R] v6i viée loai bo hang thtr j va cot thit j trong tmg vai lién két thir j co a ;=0.

Ta thy c6 nhimng phan tir caa [R] va {ﬁ } khong tham gia vao [K*] va {R*}, ciing dong
nghia 13 c6 nhimg phan tir ciia [K’]i va {R’}i khdng tham gia vao {R*} va [K*]. Vi vay ta chi
tinh nhitng phan tir ctia [K’]i va {R’}i tham gia vao viéc xac dinh {R*} va [K*]. Trén cac ma
tran [K’]i va {R’}i,cac phan tir cAn dugc tinh toan trong 6 vudng c6 dudng vién dut nét.

Pé tién cho viéc tinh toan ta cling c6 thé sip xép cac phan tir thanh cac ma tran:

Trong do {ﬁp *11a véc to ngoai lyc tip trung dit tai nit duoc sip xép theo sé ma chung
tham gia vao tinh [K*]i va {R*}i la nhitng ma tran c6 cac phan tir dugc ldy tir ma tran [K’]i va
{R’}i cia PTHH tht i, dugc sip xép theo s6 ma chung tham gia vao tinh [K*] va {R*}.

Phan cau hoi va bai tap chuong 3:
- Dinh kém trong file giao nhi¢ém vu va bai tap cho sinh vién.
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Chuwong bon
TINH HE THANH THEO PHUONG PHAP
PHAN TU HUU HAN
Muc dich:
- Van dung kién thirc & chuong ba dé tinh hé thanh theo phuong phap phan tir hitu han.
Yéu cau:

Sinh vién thiét 14p ma tran d6 cung [K]i cuia PTHH thir i trong hé toa d6 dia phuong;

Thiét 1ap ma tran d6 cing [K’]i cia PTHH thtr i trong hé toa d chung.

Sinh vién thiét 1ap ma tran lyc nat {R}i tai cac nit cia PTHH thir i trong hé toa do dia

phuong; Thiét 1ap ma tran lyc nat {R’}i tai cac nat cia PTHH thi i trong hé toa do
chung.

- Sinh vién c6 thé tinh toan xac dinh ndi luc caia PTHH thir i trong hé toa do dia phuong.

St dung kién thic chuong & chuong 3 dé giai hé két cau, tir d6 xac dinh duoc chuyén

vi, noi luc.
4.1. Phan tir thanh 2 dau ngam

Ta sé lan leot nghién citu cdc néi dung sau:

- Ma tran dg cting [K];j cia PTHH thur i trong hé toa dd dia phuong

- Ma tran dg cting [K’]i cia PTHH thur 1 trong hé toa d6 chung.

- Véc to luc nut {R}i tai cac nit cia PTHH thur 1 trong hé toa do dia phuong.

- Véc to luc nut {R’}j tai cac nit cia PTHH thur 1 trong hé toa do chung.

- Xac dinh ndi luc.

Xét truong hop PTHH 13 mot thanh c6 lién két ngam & 2 dau, ¢ chiéu dai 1, c6 d6 cting EI
va EA 13 khong d6i doc theo chiéu dai thanh.

Trong mdi thanh tai trong tac dung gom:

- Tai trong phéan bd doc truc c6 cudng dd tx, tai trong phan bd vudng goc véi truccd cudng
do pe.-

- Téi trong tap trung doc truc T, tai trong tap trung vuong goc voi truc P va mémen tap trung

y
T El=const, EA=const x

L i
A
z dz /rck
(SR /r g4
S de .
Ry T T Ra
R3 Re

4.1.1. Ma tran d¢ ctirng [K]i cia PTHH thir i trong hé toa d¢ dia phuwong
- Phurong trinh cin bang:

Phuong trinh can bang ctia PTHH thir i trong hé toa d6 dia phuong:
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{R}i = [K]i'{q}i
{R}iZ{R1 R, Ry Ry Ry RB}i (3-1)
o) =l a0 95 9. o5 g}

Trong 6, theo (2-11): [K] = [D]_T [£,][D]

dv

\ i
Pé thiét 1ap duoc ma tran [K]i ta can xac dinh ma tran [D]i . Do d6 theo ta gia thiét ham
chuyén vi.

- Ham chuyén vi:
u u.,=a, +a,X
(x) 1 2
Ul=q "= L 3D
Vix Vi = 03+ QX+ X" + X

U = o, =0

O" =l a-q 69
Ugy =04 a, = B

a,;=Qq

Vi) =02 P

' ;=03
Vor=% —3q, - 2Ig, +3q, - Iq

= g = 2 3 5 — s
Viy =0s > |2
Viy=s o =20 lg —32q5 +19,
I

Thay gid tri ctia o2 vao biéu thire ctia u(x) va o456 vao bieu thuc ctua v(x):

X X
Uy = (1_|_)-q1 Oy = Higy 0+ Hyg

| (3-4)
Vi = HZ(x) q, + Hs(x)-% + Hs(x)-% + He(x)-%
Trong do:
2 3 2 3
X X X X X
Hl(x) :1—I—; HZ(X)=1—3.I—2+2.|—3; H3(X):X—2.I—+I—2 (3'5)
2 3 2 3
X X X X° X
H4(x)=_’ H5(x)=3-__2-_ HG(X):__+_

Ham chuyén vi duoc viét dudi dang ma tran:

12 I*’

Uo | _|Hiw 0 0 Hy, 00 Us
Ul= - . =|BJ. 3-6
{ } {V(X)} |:0 H2(x) H3(x) 0 HS(x) He(x) [ ] {q}l ( )

Voi:
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[B]i:[BU}:[Hl(X) 0 0 Hg O O (37
0 H2(x) H3(x) 0 HS(X) H6(X)

- Xac dinh [D]i:

Tir: {¢}=[D]{a}

D4i voi thanh ta co: {g} =&, (bai toan ubn 1 chiéu).

Vay: [D]i =[H 'l(x) - y'HHZ(x) - y-Hua(x) H '4(x) - y'HHS(x) - y-Hue(x) ]
Voi:

! 1 11 6 X . n 4 X

H 1(X):—I—; H 2(x):_|_2+12'|_3’ H 3(X):—T+6.I—2 (3'9)
! 1 . L1 6 X . n 2 X

H 4(x):|_1 H 5(x):|_2_12'|_31 H 6(X):—T+6.|—2

- Xac dinh [Eo)i:

Vi {¢}=¢& nén [E]o=E (bai toan udn 1 chiéu).

- Xac dinh [K];:

Ma tran d¢ cing duogc xac dinh theo cong thirc:
T
[k] = J[D] [E,J[D}dv

Sau khi thay vao va tinh tich phan, ta dugc ma tran do cirng c6 dang:

BE 0 0 £ 0 0
O 6El 4EI ( 6B 2E
[K]= T | |
£ 0 0 E O 0
Lo om0
Viét gon lai:
'S 0 0 s 0 O]
D C o D C
K]= A 0 C B
' s 0 0
doi xiing D -C
- Al (3-10)
Vi ky hiéu:
A=£; B=£; C=6EI; D=12EI' S=E (3-11)

| | I I |
4.1.2. Ma tran d¢ ctirng [K]i cia PTHH thir i trong hé toa d¢ chung
Ap dung cong thue: [K’Ti = [T]"i.[K]i.[T]i
Trong d6 [K]i xac dinh theo (3-10).
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[T]i dugc xac dinh theo (2-14), (2-15) véi Cx=cosyi, Cy=sinyi.

Yy y

>0

v>0 X

Két qua thuc hién phép nhén:

*A1 A, By, Ay -A, -B,|
A3 B1 'A2 ‘A3 B1
' A B, -B; B
K= A A B
1 2 Do
déi ximng A; -B;
L Al
Véi ky hiéu:

A =DC?+5.C?
A, =C,C,.(S-D)

A,=DC?+SC? (3-12)
B, =CC,
B,=CC,

4.1.3. Véc to luc nat {R}i twong dwong trong hé toa do dia phwong

y P(x)

L x T t(x)

Tai trong tac dung trong thanh duoc quy udc dau:

- Tai trong phdn bé:

+ Luc peo>0 khi hudng 18n (theo chiéu tryc y).
+ Luc t>0 khi hudng sang phai (theo chiéu truc x).
Theo:

(R} =R} = 18T 4} ox

0
O day, luc ps duoc hiéu 1a Iyc phan b trén thanh ¢ bé rong bang don vi.

2 2
{R}i - {H plop” tplpl” (3-13)
2 2 12 2 2 12

- Ngogi lyc tdp trung:
Luc P tai diém k, luc T tai diém m, mémen M tai diém n. Tai trong tac dung trong thanh
duoc quy udc dau.

+ Luc P>0 khi hudng 1én trén (theo chiéu truc y).
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+ Luc T>0 khi huéng sang phai (theo chiéu truc x).
+ Momen M>0 khi M quay nguoc chiéu kim dong h.

M
LI

el

nl

n

Khi tai trong tap trung dat tai gitra thanh:
{R}.:{I P 3 PILLM T P 3M Pl M

+25 ST (3-14)
2 2 22 8 4 2 2 2 8 4

4.1.4. Véc to lwe nut {R’}i twong duwong trong hé toa d¢ chung

Theo: (R}, =[TT R},

Vay:
"Ryl fek ¢, 0 0 0 0] [ R| [CuRCR; |
R21 |c, C 0 0 0| | Ry C,-Ri+Cx.R;
| Rs_{0 0 1 0| | Rg R;
RT=| o |7 : = (3-195)
R4l |0 0 0 Cx -C, 0| | Ry| |CxRsCyRs
Rs| [0 0 0 C, Cx 0| |Rs C,-R4*+Cx.Rs
Rl [0 0 0 o o 1) LR L Ry _
O day:

R1, R2, R3 va R, Rs, Re 1a cac thanh phan luc nat twong duong trong hé toa do dia phuong
tai dau trai va dau phai cia PTHH thu i.
R’1, R’2, R’3 va R’4, R’s, R’ 13 cac thanh phan lyc nat twong dwong trong hé toa do chung
tai dau trai va dau phai cia PTHH thu i.
4.1.5. Xac dinh ngi luc
Noi luc trong toan bd két cAu duge ghép tur ndi lyc cua ting phén tir. Do do ta nghién ctru
cach xéc dinh ndi lyc trong ting PTHH thr 1.
Sau khi 1ap cic ma tran ta xac dinh dugc véc to chuyén vi {q*} tir phuong trinh cén bang
ctia toan bo két cau: {q*}=[K*]*.{R*}
- Ldp vécto {q’}i
Tir cac phan tir q°j ciia {q*}, ta ldy ra cac phan tir thich hop theo s6 ma chung, sip xép
chung vao vécto chuyén vi {q’}i cho ting PTHH tht i Gmg véi cac chuyén vi nut cia PTHH
thir i trong hé toa d6 chung rdi ky hiéu lai cac chuyén vi nat ndy theo sé ma dia phuong:
@y i={q1 92 q’s 9’4« ¢s qe}  (3-16)
- Xéc dinh vécto Iyc nat {Rq}i do riéng cac chuyén nut tai hai dau phan tir thir i gdy ra:
Nho ma tran chuyén toa d6 [T]i cia PTHH thi i, ta xac dinh duoc véc to chuyén vi {q}i cho
PTHH thtr i trong hé toa dia phuong theo biéu thuc:
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{a}i=[TliAq’}i

Kyhigu {(Ri}i={Rs" R’ R¢® R¢' R R} (3-17)

la vécto luc nut cia PTHH thir i trong hé toa do dia phuong do riéng cac chuyén vi nit tai
hai dau phén tir thi i gy ra, thi {Rq}i duoc xac dinh theo cong thirc da biét:

{Ro}i = [KIi{a}i = [K].[T]i.{q’}i

o day:

Céc phan tr q’1, q"2, 9’3, Q’4, q’s, q’s cta {q’}i dugc ldy tir cac phén tir thich hop cua {q*}
theo

[T]i duoc xac dinh theo (2-14), (2-15) c6 chira Cx, Cy.

[K]i duoc xac dinh theo (3-10) co6 chtra A, B, C, D, S.

Sau khi nhan ta dugc:

4 _Nl-qll4+N2-qI25 |
Ry | |~ Qo0+ Qu0s+Cu (A 40 )
{R } _ Rs _ —B,.0°,+B.0's+AQ 3 +B.q (3-18)
A R: = N9, —N,.q'5= _R;
R: Q,0,—Q.9'5—C.(a'5+0' ) = _R§
R®| [ B0 +B.as+B.a+Ad,

N1=S.Cx; B1=C.Cx; Qi1=D.Cx; qu=q1q4

N2=S.Cy; B2=CCy; Q2=D.Cy; q2=q92qs (3-19)

- Xdc dinh vécto e mit tong cong {Ra}i:

Tai hai ddu PTHH thtr i dd c6 sin cac vécto luc nat quy doi {R}ido tai trong tac dung trén
phan tir gy ra trong hé toa d6 dia phuong, dugc xac dinh theo cac cong thirc

{R}i={R:1 R2 Rs Rs Rs R} (3-20)

Ky hiéu {Re}i={Re* Rp> Re® Rp* Rp° Rp’} (3-21)

1a vécto lyc nat tong cong cia PTHH thir i trong hé toa do dia phuong thi {Re}i s& 1a tong
ctia hai vécto {Rq}i va {R}i nhung {R}i 1dy dau nguoc lai:

_ _ 1 T

R; Ry —Ri

Ré Rj_Rz

RS RS -R,
Ro} =R, [ —{R}=| " |=| ° (3-22)
{ P}I { q}. { } R: Rs—RA

Ra| |RS-Rg

[Re] |RE-R,

- Biéu do néi luc toan hé:

DPé v& biéu d6 ndi luc cho toan hé, ta v& biéu dd ndi luc cho tung phan tir dya trén Kkét qua
nhan dugc {Rp}i. Ta co thé quy udc dAu ctia moémen ubn, luc cét va luc doc cho phén tir thanh
thtr 1 nhu hinh vé:
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R [oNt] [NT ][RR ‘mr ] [Re—RY]
RZ| |Q Q" R: R, MP | | Re—R,
3 tr tr _R3 tr 2 _
S o Il I A o BV SO S B P
Re| [N” NP | |RI-R, Q" | |Ry—R;
Re| |-Q™ Q"™ | |R—R N" | |R-R!
[Re] [MP ] [MP] R R IN"' ] |Ré-R,

Trong d6: M, Q¥, N' va MP", QP" NP 1an lwot 14 mémen, lyc cét, luc doc tai dau trai va
dau phai ctia PTHH thi i.

Nhu vay mudn xéac dinh ndi luc cia PTHH tht, ta cin xac dinh vécto chuyén vi {q’}i theo
va vécto luc nat {R’q}i theo, xac dinh ndi luc MY, Q', N va MP", QP", NP" theo

Chay:

Sau khi v& biéu d6 momen cho phan tir thi i theo {Rp}i, ta can treo thém vao biéu dd
momen do tai trong tac dung trong phan tir giy ra khi coi phan tir thanh tht i 13 mot dam don
gian.

4.2. Phan tir thanh diu ngam dau khép

Ta sé lan lwot nghién civu cdc néi dung sau:

- Ma tran do cting [K]i cia PTHH thtr i trong hé toa d6 dia phuong

- Ma tran dg cting [K’]i cia PTHH thur 1 trong hé toa d6 chung.

- Véc to luc nut {R}i tai cac nit cia PTHH thur 1 trong hé toa d6 dia phuong.

- Véc to luc nut {R’}j tai cac nit cia PTHH thur 1 trong hé toa do chung.

- Xac dinh noi luc.

Xét truong hop PTHH 14 mot thanh ¢6 lién két ngam & dau trai va khép & dau phai, c6 chiéu
dai I, c6 do ctimg EI va EA 1a khong ddi doc theo chiéu dai thanh.

Trong méi thanh tdi trong téc dung gom:

- Tai trong phan b doc truc co cudng do tx, tai trong phan bd vudng goc véi truccd cuong
dd pw.

- Téi trong tap trung doc truc T, tai trong tap trung vuong géc voi truc P va mémen tap trung
M.

El=const, EA=const <

! |

=t

z =z ds
a 1\ q\ g
r i
5 =, G m
- I e
/ 46

4.2.1. Ma tran d¢ ctirng [K]i cia PTHH thir i trong hé toa d¢ dia phuong
- Phuwong trinh cdn bang:

Phuong trinh can bang ctia PTHH thir i trong hé toa d6 dia phuong:
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{R}i = [K]i'{q}i
{R}iZ{R1 R, Ry Ry Ry R6}i (3-24)
o) =l a0 95 9. o5 g}

Trong 6, theo (2-11): [K] = [ [D]_T [E,][D]dv

\ i
Pé thiét 1ap duoc ma tran [K]i ta can xac dinh ma tran [D]i . Do d6 theo ta gia thiét ham
chuyén vi.

- Ham chuyén vi:

u U, =a, +a,X
(x) (x) 1 2
{U }: { } = 2 3 (3'25)
Vi Vi = O + 0 X+ X" + X

Vi) =92

{u“” 8]0 (5
Uy =0, Vay =Us
Viyy=0

Thay gia tri cia a2 vao bi€u thirc ctia u(x) va az 456 vao bi€u thirc ciia v(x), ham chuyén vi

dugc viet dudi dang ma tran:

{u}={“m}:[s]i.{q}l @27

Vo
Voi:
B H,, O 0 H 0 0
[B]Z{ } { L T (3-28)
B, 0 H2(x) H3(x) 0 H5(x) HG(x)
Trong do:
X . x2 X . x> X3
Hl(x):].—l—; HZ(X):]-_W—FT; H3(X):X—7+T (3—29)
X . 3 X .
H4(x):|_; 5(x):2|_2_ﬁ; H6(x)=0
- Xac dinh [D]i:

Tur: {¢j=[D]{a}

D6i véi thanh ta co: {e}= ¢, (bai toan ubn 1 chiéu).
Vay: [D]i =[H W T y.H ;(‘x) - y-H;("x) Hy — y'H;("x) - y'H;‘x) ] (3-30)
Véi:

, 1
Hyw=—7

. X o
I s

*1 3 X
Hi ==3+3.553  Hyy=-T+35 (3D

|2
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H'4(X):|1; Ho :%—3%; Hoy =0
- Xac dinh [Eo)i:

Vi {¢}=&,nén [E]o=E (bai toan uén 1 chiéu).

- Xac dinh [K]i:

Ma tran d¢ cing dugc xac dinh theo cong thuc:

K] = I[D]T [E,J[D]idv

%

Sau khi thay vao va tinh tich phan, ta dugc ma tran do cing c6 dang:

EA 0 0 £ 0 0
0 3| & o0 =H o0
0 ¥ 3| o 3@ g
K= o '
€A 0 0 EA O O
0 =3E 38 0o 3® g
.0 0 0O 0 0 0|
Viét gon lai:
'S 0 0 -S 0 O]
DD, O -D, O
i D, 0 -D, 0
[Kl= 0 0
déi xing D, 0
L 0] (3-32)
Vi ky higu:
D1=3IE; Dzz?’ﬂ- Dszg; s=EA (3-33)

|3
4.1.2. Ma tran d¢ ctirng [K]i cia PTHH thir i trong hé toa d¢ chung
Ap dung cong thac: [K’]i = [T]"i.[K]i.[T]i

Trong d6 [K]i xac dinh theo (3-32).

[T]i duoc xac dinh theo (2-14), (2-15) véi Cx=cosyi, Cy=sinyi.

Két qua thuc hién phép nhan:

D, D.-D, -D, -D, O]
D. D, -D, -D, O
. D D -D O
K= D, D 0
déi xing D, O
L 0_

Vi ky hiéu:
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A =DCZ+SC?
A,=C,C,.(S-D)

A,=DC;+SC; (3-34)
B,=CC,
B,=CC,

c. Véc to luc nit {R}i twong duwong trong hé toa do dia phuwong
- Tdi trong phdn bé:

Tai trong tic dung trong thanh duoc quy wéc diu:

+ Luc py>0 khi huéng 1én (theo chiéu truc y).

+ Luc t>0 khi hudng sang phai (theo chiéu truc x).

y p(x)

X t(x)

Theo:
R} =R} = 18T 4} ox

O day, luc ps dugc hiéu 12 luc phan bd trén thanh c6 bé rong bé“mg don vi.
Trudng hop tai trong phan bd déu: tx) = t = const, p) = p = const

t 5pl pl*> tl 3pl
Rf =<— — 0 3-35

- Ngoai lyc tap trung:

Luc P tai diém k, luc T tai diém m, momen M tai diém n. Tai trong tic dung trong thanh
duoc quy ude dau.

+ Luc P>0 khi hudng 1én trén (theo chiéu truc y).

+ Luc T>0 khi huéng sang phai (theo chiéu truc x).

+ Mdmen M>0 khi M quay ngugc chiéu kim dong ho.

M
kAP m—-T— ﬁ> O

el
nl ‘ ‘

vy 7

Khi tai trong tap trung dat tai gitra thanh:
{R}i ={I 11 9M 3P M T 5P 9M 0}

SAE L (3-36)
2 16 8 16 8 2 16 @l

d. Véc to luc nat {R’}i twong duwong trong hé toa do chung

Theo: {R'}, =[T1".{R},
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Ril [cx -c, 0 0 0 0] [ R] [CxReC,R; ]
R21 |c, C 0 0O 0| | Ry C,-Ri+Cx.R;
Rs| {0 0 1 0| | Rg R;

R & 7 : = (3-15)

4/ [0 0 0 C G, 0| | R,| |CxRsC,Rs
Rs| lo 0 0 C, C 0| |Rs C,-R4+Cx.Rs

' RefJ 0 0 0o 0 o0 1) L[LRJ L Ry _|

O day:

R1, R2, R3 va Ry, Rs, Re 1a cc thanh phﬁn lyc nut twong duong trong hé toa dé dia phuong
tai dau trai va dau phai cia PTHH thu i.
R’1, R’2, R’3 va R’4, R’5, R’6 1a cac thanh phén lyc nat twuong duong trong hé toa d6 chung
tai dau trai va dau phai cia PTHH tht i.

e. Xac dinh ndi luc

Noi luc trong toan bd két cau duoc ghép tir noi lyc cia ting phén tar. Do do ta nghién ctru
cach xac dinh ndi lyc trong ting PTHH thur 1.

Sau khi 14p cic ma tran ta xac dinh duoc véc to chuyén vi {q*} tir phuong trinh can bang
ctia toan bo két cau: {g*}=[K*]~.{R*}

- Lap vecto {q’}i:

Tir cac phan tir q°j ciia {q*}, ta ldy ra cac phan tir thich hop theo s6 ma chung, sip xép
ching vao vécto chuyén vi {q’}i cho timg PTHH tht i ing v&i cac chuyén vi nat cia PTHH
thir i trong hé toa d6 chung rdi ky hiéu lai cic chuyén vi nat nay theo s6 ma dia phuong:

@y i={q1 92 s 9’4 qs g}  (3-37)

- Xdc dinh vécto e niit {Rq}i do riéng cac chuyén nut tai hai dau phan tir thir i gy ra:

Nho ma tran chuyén toa d [T]i cia PTHH thur i, ta xac dinh dugc véc to chuyén vi {q}i cho
PTHH thi i trong hé toa dia phuong theo biéu thc:

{a}i=[Tli.{q’}i

Kyhigu {Ri}i={Rs" R’ R¢® R¢' R R} (3-38)

la vécto luc nit cua PTHH thur 1 trong h¢ toa do dia phuong do riéng céc chuyén Vi nut tai
hai dau phan tir thtr i gy ra, thi {Rq}i duoc xac dinh theo cong thire di biét:

{Ro}i = [KIi{a}i = [K].[T]i-{q’}i

o day:

Céc phan tr q’1, q"2, 9’3, Q’4, s, 4’6 ctia {q’}i dugc ldy tir cac phan tir thich hop cua {q*}
theo

[T]i dugc xac dinh theo (2-14), (2-15) c6 chira Cy, Cy.

[K]i dugc xac dinh theo (3-32) ¢6 chita Dy, D2, D3, S.

Sau khi nhéan ta duoc:
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_Rl_ _ , , —
4 N;.0',+N,.0'5s
2 1 1 1
Rq _N4-q14+N3-q 25+D2-Q3
{R } _ RS R D;.0°4+ D505+ D05 (3-39)
4 R: = N0, —N,.0'5= _R;
RS N,.d4,—N;.0',5—D,.q% :_qu
6 0
_Rq_ L i

N1 =S.Cx; N3=D3.Cx; Dg=D2Cx; q14=q’1-q’4

N2=S.Cy; Ns=Ds3.Cy; D7=D2Cy; q'25=q°2-q’s (3-40)

- Xdc dinh vécto liec niit tong cong {Rp}i:

Tai hai ddu PTHH thtr i dd c¢6 sin cac vécto luc nat quy doi {R}ido tai trong tac dung trén
phan tir gdy ra trong hé toa d6 dia phuong, duoc xac dinh theo cac cong thic

{R}i={R:1 R2 Rs R4 Rs Re} (3-41)

Ky hiéu {Re}i={Re’ Rp? Re® Rp* Rp® Rp} (3-42)
la vécto luc nut téng cong cia PTHH thtr i trong hé toa do dia phuong thi {Rp}i s€ la téng
ctia hai vécto {Rq}i va {R}i nhung {R}i ldy dau nguoc lai:

_R;,_ _R; -R |
RZ| |RI-R,
R | |RS-R,
{RP }i = {Rq }i - {R}i Tl oa |7 ~s (3-43)
Ro| |R:I-R,
Re| |RS—R,
L.

- Biéu d6 néi luc toan hé:

DPé v& biéu d6 ndi luc cho toan hé, ta v& biéu dd ndi lyc cho tung phan tir dya trén két qua
nhén dugce {Rp}i. Ta c6 thé quy udc dau cua mémen udn, luc cit va luc doc cho ph?m tr thanh
thtr 1 nhu hinh vé:

R [-n] [N ] [R-R;] M ] [R—R;
| o | Jor | [R-R w0
2
"] - RE _ —|\/|htr _ |\/|“h _RR Q"h _ Rq—Rj (3.44)
RY| | NP NP | | R!-R, Q° Rs — R,
R -Q" QM R — Rs N" R - R;
Re] [MP ] [M™] g N || RE-R,

Trong d6: M", Q", N" va MP", QP" NP" 1an luot 1 mémen, luc cit, luc doc tai ddu trai va
dau phai cia PTHH th i.
Nhu vay mudn xac dinh ndi luc cia PTHH th@ i, ta can x4c dinh vécto chuyén vi {q’}i theo
va vécto luc nat {R’q}i theo, xac dinh noi lyc MY, Q, N¥ va MP", QP", NP" theo
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Chuy:

Sau khi v& biéu dd mémen cho phan tir thir i theo {Rp}i, ta can treo thém vao biéu d6
momen do tai trong tac dung trong phan tir gdy ra khi coi phan tir thanh thir i 1a mot ddm don
gian.

4.3. Phan tir thanh diu khép diu ngam

Ta sé lan lwot nghién ciru cdc ndi dung sau:

- Ma tran dg cting [K]i cia PTHH thu i trong hé toa d dia phuong

- Ma tran dg cting [K’]i cia PTHH thur i trong hé toa do chung.

- Véc to luc nut {R}i tai cac nit cia PTHH thur i trong hé toa do dia phuong.

- Véc to luc nut {R’}j tai cac nit cia PTHH thur 1 trong hé toa do chung.

- Xac dinh noi luc.

Xét truong hop PTHH 1a mot thanh c6 lién két khép ¢ dau trai va ngam o dau phai, c¢6 chiéu
dai 1, co d6 cung EI va EA 1a khong ddi doc theo chiéu dai thanh.

Trong moi thanh tdi trong tdc dung gom:

- Tai trong phan bd doc truc co cudng do tx, tai trong phan bd vudng goc véi truccd cuong
do po.

- Tai trong tap trung doc truc T, tai trong tap trung vudng gbéc véi truc P va momen tap trung
M.

4.3.1. Ma tran d¢ ctirng [K]i cia PTHH thir i trong hé toa d¢ dia phuong

- Phuwong trinh cdn bang:

Phuong trinh can béng cua PTHH thtr i trong hé toa d0 dia phuong:

Rl =[K]a}

{R}i:{Rl Rz R3 R4 Rs RG}i (3'45)
=10 9, 9 q, 9 g},

Trong do, theo (2-11): [K] = [[D] [E,][D]}dv
Dé thiét 1ap dugc ma tran [K]i ta can xac dinh ma tran [D]i . Do do6 theo ta gia thiét ham

chuyén vi.

b

L 1 I

- . 1" R
& .

Ry 1\ 1\ Ra

- Ham chuyén vi:
u U, =a,+a,X
(x) (x) 1 2
Ul=4 7"t= , . (3-46)
Vi Vi = O3 + X+ 00X + agX
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Vo) =9

Uo) = % Vip=0
va (3-47)

Ugy = q, Vay = Os

VI(I) =0

Thay gia tri ctia a2 vao bi€u thirc cua u(x) va as 456 vao bic¢u thirc cua v(x), ham chuyén vi

dugc viet dudi dang ma tran:

{u}={“<“}=[eli.{q}l

Vi
e Bu Hl(X) 0 0 H X 0 0
Vo1 {B}:{B }=|: Hk Hk 4(x) Hk Hk (3-48)
v 0 2(x) 30 0 5(x) 6(x)
Trong do:
X ) 3 x° K
Hl(x) :1—I—, HZ(X) :1—54-?, H3(x) =0 (3-49)
X ¢ 33X X ‘ X X

H4(x):|_’ 50 =5 T3 H6<x):_§+2|_z
- Xac dinh [DJ].

Tir: {z}=[D]q}

DAi véi thanh ta co: {e}= ¢, (bai toan udn 1 chiéu).

Véy [D]I = [H .l(x) - yH ;(‘x) - yH ;("x) H I4()() - yH;(x) - yH g;‘x) ] (3_50)
Véi:

. 1 - X -

H 1(X):—I—; HZ(X) :3I—3, H3(X) =0 (3_51)
. 1 X X

H 4()():'_; H5(X) :_3'I_3; HG(X) :3.|_2

- Xdc dinh [Eo]i:

Vi {¢}= ¢, nén [E]o=E (bai toan udn 1 chiéu).

- Xac dinh [K]i:

Ma tran d¢ cing dugc xac dinh theo cong thurc:

K] = I[D]T [E,J[D]idv

%

Sau khi thay vao va tinh tich phan, ta dugc ma tran do cing c6 dang:
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EA 0 0 A 0 0 |
0 3% o0 0 =S¢ S
O 0 0 0 0 O
[K}= EA
€A 0 0 EA 0 O
0 =8 0 &3
Lo 3% o o SE 3E|

Viét gon lai:

'S 0 0 -S 0 O]
Db 0 0 -D, D
. 0 0 0 O
[ ]i_ S 0 0
déi xing D, -D
B D | (3-52)
Véi ky hiéu:
p-El. p 3Bl p 3Bl g _EA 5

I
4.3.2. Ma tran d¢ ctirng [K]i cia PTHH thir i trong hé toa d¢ chung
Ap dung cong thuc: [K’]i = [T]"i.[K]i.[T]i
Trong d6 [K]i xac dinh theo (3-52).
[T]i duoc xac dinh theo (2-14), (2-15) vai Cx=cosyi, Cy=sinyi.
Két qua thuc hién phép nhan:

_D4 D5 0 -Dt - D5 'D7_

DG 0 'D5 - Ds Da

' O 0 O O
K=

D, D, D

déi xiing D, -D
L D, |

Véi ky hiéu:

D, =D,C} +SC;
D, =C,.C,.(S-Dy)

D, = D,.C? +S.C? (3-54)
D, =D,C,
D, =D,C,

4.3.3. Véc to luwe nut {R}i twong dwong trong hé toa do dia phuwong
- Tdi trong phdn bé:
Tai trong tac dung trong thanh duoc quy udc dau:
+ Luc ppo>0 khi hudng 18n (theo chiéu truc y).
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+ Lurc tx>0 khi hudng sang phai (theo chiéu truc x).

y
7 X

X ] t(x)

p(x)

Theo:
R} =R}, =[BT 4.} ox

o day, luc ps duoc hiéu 1a luc phan bd trén thanh c6 bé rong béng don vi.
Trudng hop tai trong phan bd déu: tx) = t = const, px) = p = const

tl 3pl tl 5pl pl?
RL=4— 2 0 - & - 3-55
{}' {2 8 2 8 2 ( )

- Ngogi lyc tdp trung:

Luc P tai diém k, luc T tai diém m, momen M tai diém n. Tai trong tac dung trong thanh
duoc quy ude dau.

+ Luc P>0 khi hudng 18n trén (theo chiéu truc y).

+ Luc T>0 khi huéng sang phai (theo chiéu truc x).

+ Mdmen M>0 khi M quay ngugc chiéu kim dong ho.

nl

vl

M
C\ k‘ P m_l n_>
&l
|
|

Khi tai trong tap trung dat tai gitta thanh:

{R}i:I 5P 9M T 1P oM 3Pl M (356)
2 16 8l 2 16 8l 16 8

4.3.4. Véc to lre nut {R’}i twong duwong trong hé toa d¢ chung

Theo: {R'} =[T]"{R}

Vay:
"Ryl fck ¢, 0 0 0 0] [ R| [CuRCR; |
R21 |c, C 0 0 0| | Ry C,-Ri+Cx.R;
| Rs_{0 0 1 0| | Rg R;
RT=| o |7 : = (3-195)
R4l |0 0 0 Cx -C, 0| | Ry| |CxRsCyRs
Rs| lo 0 0 C, Cx 0| |Rs C,-R4*+Cx.Rs
 Rel [0 0 0 o o 1) LR L Ry _
O day:

Ri1, Rz, Rs va R4, Rs, Re 13 cac thanh phan luc nut twong dwong trong hé toa do dja phuong
tai dau trai va dau phai cia PTHH thu i.
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R’1, R’2, R’3 va R4, R’s5, R’6 1a cac thanh phén luc nit twong duong trong h¢ toa do chung
tai dau trai va dau phai cia PTHH tht i.

4.3.5. Xac dinh ngi luc

Noi luc trong toan bo két cdu dugce ghép tir ndi luc cua ting phan tir. Do d6 ta nghién ctu
cach xac dinh ndi lyc trong timg PTHH thtr i.

Sau khi 1ap cic ma tran ta xac dinh duoc véc to chuyén vi {q*} tir phuong trinh can bang
ctia toan bo két cau: {q*}=[K*]*.{R*}

- Lap vecto {q’}i:

Tir cac phan tir qj ciia {q*}, ta ldy ra cac phan tir thich hop theo s6 md chung, sip xép
chung vao vécto chuyén vi {q’}i cho ting PTHH thtr i tng v6i cac chuyén vi nat cia PTHH
thir i trong hé toa d6 chung roi ky hiéu lai cdc chuyén vi nat nay theo sé mi dia phuong:

@y i={q1 92 95 9’4 g5 g6}  (3-57)

- Xdc dinh vécto liec miit {Rq}i do riéng cac chuyén nut tai hai dau phan tir thir i gy ra:

Nho ma tran chuyén toa d6 [T]i cuia PTHH tht i, ta xac dinh duoc véc to chuyén vi {q}i cho
PTHH thtr i trong hé toa dia phuong theo biéu thire:

{a}i=[TliAq’}i

Kyhigu {(Ri}i={Rs" R’ R¢® R¢' R R} (3-58)

1a vécto luc nut cia PTHH thir i trong hé toa do dia phuong do riéng cac chuyén vi nut tai
hai dau phan tir thtr i gdy ra, thi {Rq}i duoc xac dinh theo cong thirc da biét:

{Ro}i = [KIi{a}i = [K].[T]i-{q’}i

o day:

Céc phan tr q’1, q"2, 9’3, Q’4, q’s, 4’6 ctia {q’}i dugc 1dy tir cac phan tir thich hop cua {q*}
theo

[T]i duoc xac dinh theo (2-14), (2-15) c6 chira Cy, Cy.

[K]i duoc xac dinh theo (3-52) ¢6 chira D1, D2, D3, S.

Sau khi nhén ta duoc:

Rl _ , , _
a N;.Q"4+N,.0'5s
2 ' ' [
Rq - N4-Q14+N3-q 25+D2'q6
R (= = , , 3-59
i R; -N.;.q%,—N,.q 25:_Rcl1 ( )
RZ N,.Q',—N;3.0'55—D,.0's = _qu
Rs |~ D,.q%,+D;.9',5+D..q'

N1 =S.Cx; N3=D3.Cx; Dg=D2.Cx; Qq14=q’1-q"s
N2=S.Cy; Nis=D3.Cy; D7=D2Cy; q25=q°2-q’s (3-60)
- Xdc dinh vécto lwc it tong cong {Rq}i:
Tai hai dau PTHH thir i d4 c6 sin cac vécto luc nit quy dbi {R}ido tai trong tac dung trén
phan tir gy ra trong hé toa d6 dia phuong, duoc xac dinh theo cac cong thirc
{R}i={R:1 R2 Rs Rs Rs Re} (3-61)
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Ky hiéu {Re}i={Re! Re® Re° Rp* Rp® R} (3-62)
1a vécto lyc nit tong cong cuia PTHH thir i trong hé toa do dia phuong thi {Rp}i s& 1a téng
cuia hai vécto {Rq}i va {R}i nhung {R}i ldy dau nguoc lai:

_R,l;_ _R; -R |
2
Ré Rq -R
RS 0
Rl =R} -Ri=| 7 |=| . (3-63)

I R:| |Ry—R,

Re| |Ry—R
_RS_ _Rs - Rs_

- Bieu do noi luc toan hé:
bé ve& bi€u do ndi luc cho toan h¢, ta vé bi€u do noi luc cho tung phan tir dua trén két qua
nhan dugc {Rp}i. Ta cd thé quy udc dau cia momen uon, lyc cat va lyc doc cho phan tir thanh

th(r 1 nhu hinh vé:

R [N ] ‘N ] [R-R! v [0
RS Qtr Qtr qu ~R, M Ph Rg -Rs
r r 2_
{Rp}i _ RE _ _Mhtr . Mth _ O4 hay ch _ Rq Rs (3-64)
R; NP NP R, —R, QP Ry — R,
R [-Q™ Q™ Rs —R; N" R -R:
Re] [MP ]  [MP] IRP-R, IN*" ] |R{-R,]

Trong do: M", Q", N" va MP", QP", NP" 1an lugt 1a mémen, luc cét, luc doc tai dau trai va
dau phai cia PTHH tht i.

Nhu vay mubn xac dinh ndi luc cia PTHH thir, ta can xac dinh vécto chuyén vi {q’}i theo
va vécto luc nat {R’q}i theo, xac dinh noi luc MY, Q¥, N va MP", QP", NP" theo

Chay:

Sau khi v& biéu d6 momen cho phan tir thtr i theo {Rp}i, ta can treo thém vao biéu dd
momen do tai trong tac dung trong phan tir giy ra khi coi phan tir thanh thi i 1a mot ddm don

gian.

Phan ciu hoi va bai tap chuong 4:
- binh kem trong file giao nhiém vy va bai tap cho sinh vién.
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Chuong nam
PHAN MEM SAP 2000
Muc dich:

- Huéng dan sinh vién st dung phan mém SAP200 dé tinh toan két ciu cong trinh cu thé.
Qua @06 sinh vién s¢€ biét duge mot chuong trinh tinh toan két cAu sé& lam viéc ra sao, tir
d6 nhan biét duoc 1am thé nao dé nhan duoc két qua dung din khi st dung mét
chuong trinh tinh toan két cu.

Yéu ciu:

- Sinh vién ndm dugc ciu trac cua chuong trinh;

Sinh vién str dung chuong trinh dé khai bao cac dit liéu ddu vao cho chuong trinh tinh

toan két cadu SAP2000;

Sinh vién biét chay chuong trinh va cho ra két qua dau ra;

Sinh vién nhan biét dugc cac két qua sai khi sir dung chuong trinh.

5.1 Nhirng khai niém co ban
I. SO PO KET CAU - SO PO TiNH
| So do that | So d6 tinh

majiiua -

1. Nut (join!t) : I
a) Vi tri cua nut :
- Piém lién két cac phan tur
- Piém thay ddi vé dac trung vat liéu , dac trung hinh hoc
- Piém can xac dinh chuyén vi & diém c6 chuyén vi cudng buc
- Piém x4c dinh diéu kién bién
- Tai trong tap trung
- Khdi luong tap trung
b) Khai bédo nut trong SAP :
- Céc nut dugc tao tu dong khi tao phan tu
- S6 hiéu nit duge gan ty dong
- C6 thé thém cac nt tai cac vi tri bat ky
- Hé toa do cho nut c6 thé léy mac dinh theo hé toa do téng thé hodc hé toa do riéng cua nut
- NGt 6 céc loai hé toa do riéng cho: lién két, bac tu do, luc TT, khéi lwong TT...
¢) Bdc tw do cua nut:
- M6t nut ¢6 6 bic tu do: Ul, U2, U3 (thing); R1, R2, R3 (xoay).
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- Chiéu dwong qui udc cua cac bac tu do twong tng véi 6 thanh phan trong hé toa do téng
thé

- Béc tu do tinh toan: (DOF=Degree Of Freedom): s bac tinh toan cia mdi nut c6 thé han
ché theo tig loai so @ (Analyze - Option Def )

- Bac tu do nao khong c6 tai trong, lién két hay diéu kién bién thi SAP tu dong bé qua BTD
do

d) Mot sé doi twong khdc lién quan dén nit:

- Cac lyc tap trung co thé khai bao tai nut (Joint Load)

- Khai bao khéi luong tap trung tai nut (Mas )

e) Cdc két qud phén tich niit:

- Cac chuyén vi tai nut

- Cac phan lyc tai ntt

- Cac lyc lién két tai ntt (Forces)

2. Phin tir

a) Phdn tir thanh (Frame)

- La mot doan thang biéu dién truc cua cc cu kién, c6 hai nut ky hiéu i va j

- Biéu dién cho cac két cAu dam, dan, khung 2D hoéc 3D

- Mbi thanh c6 mot hé toa do dia phuong riéng mo ta cho céc dai lugng cua tiét dién, tai

trong va két qua noi luc

3
* Mc dinh : Truc 1 theo truc thanh tir i d&én j, truc 2, 3 tuén theo qui tic ban tay phai.
- Khi v& cac phén tir nén theo trat ty tir trai sang phai , duoi 1én trén .
- Thanh c6 thé c6 tiét dién khong doi (Primastic) hodc thay ddi (Non- Primastic)
- Thanh c6 thé c6 céc loai lién két khac nhau tai cac nit (Release, Rigid)
- Céc dic trung hinh hoc cua phﬁn tr thanh:
+ Section modulus: M6 men chdng udn
+ Plastic modulus : M6 men déo
+ Radius of Gyration: Ban kinh quan tinh
- Céc loai tai trong tac dung lén PT thanh :
+ TT tap trung trén phan tir
+ TT phan b (déu hodc khong déu)
+ Trong lyc , TT ban than
+ TT nhiét
+ TT US trudce
+ TT dong (Response Spectrum & Time History)
+ TT di dong
b) Phan tir vé (Shell)
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- C6 thé ¢ 3 hodc 4 nut, 1a mat phéng trung binh ctia cac két cu loai tAm, vo, ban ... duoc

khai bao qua chiéu day cua PT .

—\ T

- Cocacloai: ( Type)
+ Membrane (phan tir mang): chi chiu kéo (nén), chuyén vi trong mit phing & xoay
quanh tryc vudng goc voi mit phing PT.
+ Plate (phan tir tdm): chi chiu udn (2 chiéu trong mit phiang & ngoai mit phang),
chuyén vi theo phuong vudng goéc véi mit phang.
+ Shell (v6 phan tir khong gian): ¢6 thé chiu ca kéo (nén) hodc udn.
- Hé toa do riéng ctia phan tir 1a: truc 1& 2 nam trong mit phang, 3 luén vudng goc voi bé
mit phan ti.
+ Theo mdc dinh, truc 3 hudng ra man hinh hodc theo phuong Z
+ Ciing 6 thé st dung gbc phén tr nhu PT thanh
- Cac loai tai trong tac dung 1én PT thanh :
+ TT tap trung tai cac nut
+ TT phan b6 déu
+ Trong luc, TT ban than
+ TT nhiét
+ TT ap luc: c6 hudéng vudng goc v6i PT (surface Presure ), TT thay doi theo cac diém
nut (Joint Pattern) dung cho ap lyc nuédc hodc tudng chén .
¢) Phan tir khoi phing (Plan, Asolid )
- CO thé 3 dén 9 nat, 13 mat phang trung binh cta phan tir, cho cac két ciu tm, tuong, dé
chan . . .chiu tai trong d6i xting truc, bién dang phang va ung suat phang.
d) Phan tir khéi 3D (solid)
- C6 9 ntt, dung cho céac két cau khdi chiu tai trong 3 chiéu
3. Lién két
- Lién két tai giao diém cua cac phan tir (nat) LK1) LK1
- Lién két ndi dat (LK2)
- Rang budc chuyén vi
a) Lién két cirng (Restraints): tuyét dbi cting
* Dac diém
- Chuyén vi theo phwong cac bac tu do ma niit gan bang 0 [
tuong tng c6 cac thanh phan phan lyc cta nat d6
- Céc thanh phan gan Restrain ¢ thé c¢6 chuyén vi cudng bic
- Lién két Restrain d¢am bao cho mo hinh khéng bi bién hinh . Néu KC bi bién hinh, chwong
trinh s€ thong bao " Structure to be unstable "
b) Lién két dan héi (Spring)
- Cling c6 cac thanh phan chuyén vi:
+ Translation U1, U2, U3= UX,UY,UZ
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+ Rotation R1, R2, R3=RX, RY, RZ

- Do cimg cua gdi lién két co gia tri hiru han

- Gi4 tri chuyén vi ctia lién két hitu han va phuy thudc vao gbi dan hoi

- Phan lyc cua gbi 13 phan luc dan hoi

- Lién két ciing phai dam bao cho két ciu khong bién hinh

- G6i dan hi ciing o thé chiu cac chuyén vi cudng birc & phan luc dan héi bang tong phan
lyc ctia 2 chuyén vi

- Khéng khai bao lién két nat Restraints tring Spring.

¢) Rang budc chuyén vi

- Bé mo6 hinh 1am viéc dang tinh chit thuc cta né va khong bién hinh

- C6 céc kiéu Constraints : Body, Plan, Diaphragm . . .

- Giam s6 phuong trinh va khéi luong tinh toan

4. Tai trong :

- Téi trong tinh 14 tai trong khong thay doi theo thoi gian : TT ban than , tap trung, phan b6 ,
ap luc, gio ...

- Tai trong dong : 1a tai trong thay d6i theo thoi gian : TT dong dat, gié dong , song bién ,
TT xe di dong trén cau .

II. HE TOA PO

- Hé toq do tong thé (global) c6 thé 1a hé toa d6 Décac (ky hiéu X, Y, Z) hoic hé toa do cau,
tru (Z, R, 0)

- Hé toa do riéng (Local) ky hiéu 1, 2, 3 cho cac loai phén

* Dac diem:

+ Chi ¢6 mot h¢ Global nhung c6 thé c6 nhiéu hé toa do con, cac hé toa do con 1a so véi hé
toa do téng thé .

+ MJi hé toa do con co thé co nhitng thudce tinh riéng nhu hé ludi, goi thu vién mau, don vi
va c6 thé hién theo ting hé con .

+ Hé toa d6 global dung dé vao dir liéu va hién két qua cho nut, lyc nit, lién két, tai trong
tap trung, phan bd, phan lyc, chuyén Vi géi tra va chuyén vinit .

+ H¢ toa dod riéng dung dé vao dit liéu cho phén tu, tai trong trén phﬁn tr, hién noi luc cua
phan tir . ..

ITII. PON VI

Nén chon don vi tride khi thao tdc véi qud trinh thiét lgp so do két cau

- Chiéu dai: m, cm, mm, inch, feet . ..

- Luc: kgF, KN, T, kip . ..

* Dic diém

- Co thé dung nhiéu hé don vi khac nhau cho dir li¢u khac nhau trong mdt so dd két cAu.

- Céc h¢ don vi s€ dugc chuong trinh ty dong qui vé mot loai .

- Két qua dua ra theo mot hé don vi chung (hé khai bao déu tién).

IV. NHUNG BUGC CHIiNH KHI THUC HIEN PHAN TiCH KET CAU
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1. Thiét 14ap so dd két cAu

- Xay dung hé ludi hodc chon thu vién mau .

- Khai bao vit liéu

- Khai bao céc dic trung hinh hoc ( tiét dién , chiéu day . . .)
- V& phan tir

- Gan tiét dién cho phan tir

- Khai béo lién két néi dét

- Khai bao céc truong hop tai trong

- Gan tai trong cho phan tr cho timg trudng hop tai trong

- T6 hop tai trong

2. Phén tich két cAu

- Chon kiéu két cau (dan, khung, vo . ..)

- Khai bao mot s6 tham sb can thiét (tham s6 dé tinh, in hodc tham s dong)
- Thuc hién phéan tich (chay chuong trinh)

3. Xem két qua

IV.2 Thiét 1ap so dd va tinh két cAu hé thanh

I. TAO LAP KET CAU

1. Tir thw vién méu hodc tir hé lwoi

Trong SAP2000 c6 mot hé théng thu vién mau phong phu dé tao sin cac két cdu hé
thanh,vo ...

Dé tao ra cac két cau nay, ngudi str dung chon loai so do va sau d6 cung cp céc gia tri cho
mot s6 tham s6 cu thé ma so dd doi hoi. Tuy theo cac dit liéu nay c6 thé c6 cac dang két cau
khac nhau .

2. Khai bao vit li¢u: Define — Material

- C6 3 loai vat liéu méu 1a: bé tong, thép va bat ky, mic dinh ludn 1ay 1a STEEL, néu gia
tri khong phu hop thi phai thay doi. Dé thay doi cac gia tri mic dinh vé dic trung vat liéu ciia
SAP vao Option — Preferences khai bao cho cac gia tri s& hién dbi véi Steel-Concrete-
Aluminum, hoic Frame/Cable — Frame Property Modifier thay ddi cho cac nhom méi khai
bao.

3. Khai bio cac loai tiét dién: Define — Frame/Cable — Section

- Khai bao cac tiét dién trong SAP2000 c6 thé ding mot trong céc kiéu :

+ LAy cac tiét dién c6 sin trong cac tép thu vién caa SAP: Define —Frame/Cable —
Section — Import Wide Flange (d6i voi thép , c6 thé theo chuan cua My-AISC, Canada-
CISC, Anh . . .) bang cach chon cac tép *.pro sau dé chon kiéu thép (thép goc, hinh chir L, T .
..) trong truong hop nay khong phai khai bao kich thudc tiét dién .

+ Chon mot trong sb cac tiét dién c6 hinh dang thong dung SAP d3 c6 san nhu tiét dién chit
nhat, tron, T ,U ,C . . .(doi véi bé tong), trong truong hop nay chi can khai bao mot sd kich

thude toi thi€u nhu chiéu cao, rdng . . .ma SAP yéu cau. Tuy theo kich thudc dua vao ma co
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cac dang hinh hoc khac nhau. Dé khai bao cho cac tiét dién nay vao: Define —sFrame/Cable
— Section —Rectangular

+ Khai bao mot tiét dién bat ky khong co sin trong SAP (dung chirc ning User trong
Choose property Type Add), nguoi ding phai tinh sin va dua vao cac gia tri ddc trung Tiét
dién nhu di¢n tich ,mémen quan tinh ... (A, 122,133,J...)

+ Nguoi dung cling c6 thé tao ra thu vién riéng cho minh véi cac loai tiét dién moi.

4. Vé phan tir: Draw — Draw Frame /Cable

Dé chon chirc nang ve, co thé goi Iénh tir thanh menu hoac tu biéu tuong trén thanh cong cu

- C6 thé v& phan tir thong thudng hodc v& nhanh MQuick Draw)
- Nén thdng nhat hudng cua cac phan tir trong qua trinh v& (tir dudi 1én trén va tir tri qua
phai)
- Tan dung céc chirc ning bién d6i ddi twong nhu copy, move, delete, device, replicate . . .
trong qua trinh tao phan tir .
e Dé c6 thé hién duoc cac so d6 hinh hoc ctia két cdu di tao, dung cac chirc ning:
- 3D View ( hién cac hinh v€ khong gian)
-2D XY, XZ . .. ( hién ting mat phang)
- Néu c6 hé ludi, co thé di chuyén mit phing theo cac dong luéi T
- Pé xem két cau theo mot sd thong sb cai dat dung View — Set Display Option
Vi du cho hién két ciu véi tén cta phan tir va dang khéi: chon Frame/Cable > Label
va Shade Option (Hinh tréi )
- Bé xem cac thong s ciia phan tir hay nut dang hién trén man hinh, nhin vao dbi twong va
chudt phai (Hinh phai).
5. Gan tiét dién cho phin tir : Assign — Frame/Cable /Section
- Chon cac phan tir muén gan dung cac chirc ning cia Select
+ Chon timg phan tir, chon theo cira s6 - Pointer/Window
+ Chon theo dudng thang di qua cac phan tir - Interxecting Line
+ Chon theo tén céc tiét dién - Section
+ Chon theo cac nhém ( Group) da khai bao- Group
+ Chon theo timg mit phang XY ( XZ,YZ) Plane
+ Chon theo tén ddi tuong Label
- M6 hop thoai: Assign — Frame/Cable /Section
Trong qua trinh chon phan tir ¢6 thé két hop voi Deselect (loai bo) dé ¢ hiéu qua nhanh

hon .
B Joint Restraints |
6- Khai bflO lién két: ASSlgn 9 \]0|nt 9 Restralnt — Restraints in Global Directions
, , X , A X Ko X W Translation 1 I Rotation about 1
- Chon cac nut can gan lién két noi dat [ Translation 2 [~ Fiotation about 2

W Translation 3 I Rotation about 3

- M6 hop thoai Assign — Joint — Restraint, chon —
loai lién két can gan ENPNEIR.

7. Khai bao cac truong hop tai trong: Define — Loac
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- Trudng hop tai trong 14 cac phuong an tai khac nhau, doc 1ap dé tir d6 c6 thé dé& dang dua
vao cac td hop tai trong. Truong hop tai trong c6 thé chia nhé tuy ¥ , mdi truong hop ¢ hé sd
riéng ddi voi tai trong ban than ( Self Weight Mutiplier) , mac dinh cua SAP2000 1a 1cho loai
DEAD .

Define Loads

- Khi tinh toan, SAP mac dinh s€ tinh va Load

, , Sel Weight Hutg

A A X a A A A Load Name Type Muliplier Lateral Load et )
cho két qua ctia tat ca cac truong ho’pq B e 3 | g —

a 1 ba O1 SU 5 thé [0%01 DEAD 1
TT da k’ha} bao . Nguoi S‘u’ dung co thé o 3 N || ez
han ché so truong hop can tinh khi chon | —_—
tham so trong Define — Analyse Case =
hoac Analyse — Set Analyse Case to Run Cerel |

truée khi phan tich két cau.

- Cac bwéc khai bao mgt trwong hop tai trong tinh (Static load cases):
Vao Menu Define => Load case. Trong do:
+ Tén truong hop tai: Load Case Name
+ Kiéu tai trong (type): Dead (Tinh tai), Live (Hoat tai), Wind (Gil), Snow (tuyét), Quake
(Tai trong tinh do dong dat) -> Néu t6 hop theo TCVN thi cac Iya chon nay khong quan trong
(Default combination).
+ Sefl weight: hé sd tinh trong luong ban than cho moi phan tir ¢6 mit trong két cau.
+ Delete : X6a mdt truong hop tai trong.
8. Gan tai trong cho phén tir ciia tirng trudng hop tii trong
Mubn thyc hién budc nay, cac truong hop tai trong phai khai bao trude trong Define.
Dé gan tai trong cho cac phan tir theo cac budc:
- Chon céc phan tir can gan (chii y don vi)
- Chon loai tai trong can gan, khi gan chii ¥ :
+ Kiém tra loai tai trong
+ Kiém tra hudng tai trong (theo truc nao ctia global hay Local)
+ Kiém tra trang thai gan trong check box (add , replace hay delete)
+ Kiém tra truong hop ctia tai trong dang gén
- Pua vao gi4 tri cua tai trong
+ Tai trong ban than: chi cin khai bao hé s6 Mutiplier trong Load Case ( chii ¥ phai khai
bao gia tri cua trong lugng ban than W trong Material )
+ Selft -Weight: 1 hé sd tinh tai trong ban than ap dung cho moi phan tir trong két ciu. N6
tinh trong lugng ban than theo phuong -Z va ludn coé gia tri duong .
+ Gravity: 12 hé s tinh tai trong ban than ap dung cho mot s6 phan tir nhat dinh trong két
cAu di chon, co thé c6 cac phuong X,Y,Z. Néu theo phuong -Z thi ¢ gi tri 4m .
Tai trong tap trung tai nat Tai trong tap trung trén phan tir
Assign — Joint Load— Force Assign — Frame Load —Joint
9 . To hop tai trong
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- T6 hop tai trong 13 cic phuong 4n tai cn tinh trong thuc té (dua ra két qua) dua trén cac
truong hop tai trong dd khai bao. Trong mdi t6 hop tai trong c6 thé xép nhiéu truong hop tai
trong mot lic va moi t6 hop tai trong co thé c6 hé sd td hop khac nhau.

- Céch khai béo t6 hop :

+ Chon tén (Name)

+ Chon phwong phép t6 hop (Type)

+ Pua vao hé s6 t6 hop cho ting
truong hop TT tham gia trong t6 hop
nay (Define)

- Cac dai luong trong T hop tai
trong (Load Combination):

+ Tén to hgp: Combo name
+ Kiéu t6 hop cac gia tri: Type
Add : t6 hop theo PP cong tac dung.
Enve : Tinh t6 hop Bao noi luc.
SRSS: Cin cta téng binh phuong cac trudng hop tai trong;
ABS: Tri tuyét ddi cta cac truong hop tai.
Scale factor: Hé sb t6 hop, tirc 1 hé s6 t6 hop cua timg trudng hop tai trong trong mot t6
hop.
1. PHAN TICH - TINH TOAN
1. Chon so dd két ciu: Analyse — Set Analyse Option
- V6i cac loai két cau nam trong cac két cdu mau cuia SAP thi chi cAn nhéan vao d6, SAP tu
dong biét d6 1a loai gi va tu dong thay doi cac tham sb ciia Degree of fredom.
- Vi céc loai két cau khong co trong cac két ciu mau ctia SAP thi phai khai bao cac bac tu
do c6 thé cua toan két cau trong cac tham s6 cua Degree of fredom. Mét sé loai

+ Dan phang : chi chuyén vi theo Ux va Uz

+ Tam phang : Uz, Rx, Ry

+ Phan tir ASOLID: Ux va Uz ; SOLID : Ux , Uy va Uz

2. Thuec hién tinh toan: Analyse — Set Analysis Case to Run
- Pé thuc hién tinh toan vao Analyse — Set Analysis Case to Run dé lua chon céac trudng
hop can tinh d6 khai boo va hién trong Action (Run) sau d6 nhan Run now .
- Céc loai phan tich:
+ Phan tich tinh: chi chiu tai trong tinh
+ Tinh dao dong riéng: khai bdo Mode shape
+ Phan tich P-Delta: bai toan 6n dinh (chon P-Delta)
+ Phan tich dong:
+ Tai trong diéu hoa (Harmonic steady-state)
+ Phén tich phd phan tmg (Response spectrum) TT cé gia toc nén
+ Phan tich theo ham thoi gian (Time History): tuyén tinh, phi tuyén

- Phén tich véi tai trong di dong : bai toan cau (Moving Load)
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- Céc kiéu phan tich dugc thuc hi€én mot 1an c6 thé in riéng hodc to hop véi nhau Combo:
La mot to hop c6 thé 1a cong tac dung hodc bao ndi luc ctua cac truong hop trén hoac cua
chinh cac truong hop 6 hop khac.Mdi kiéu mic dinh c6 thé c6 nhidu trudng hop khac nhau,
vi du Loadl, Load2...Model, Mode2...Combol, Combo2... hodc tén do nguoi dung dait
nhung kiéu thi khong thay d6i duoc

3. Xem két qua

Két qua cia SAP2000 c6 thé xem bang dd hoa (cac biéu dd, hinh v&) hodc qua cac bang
chita dir li¢u theo dang Text hodc cAu trac dua trén cac co s& dit liu cta Excel, Access. Dé
xem két qua thudng thao tac mot s phan sau :

- Chon 1- 4 ctra s6 hién : Option Window

- Chon cac ddi tugng mudn xem két qua (thong thuong 1a ca két cau)

- Chon trudng hop hodc t6 hop mudn xem

- Chon thanh phﬁn dir liéu vao (cac khai bao mé hinh) hoac két qua da tinh (chuyén vi, ndi
luc...) mubn hién

- Céc loai tép tin :

Dit liéu dau vao : *. sdb, *.$2k,
Két qua : *.out, *.txt, *.xIs, *.mdb

a. P6 hoa: Display

- Xem cac dai lwgng dwa vao:

+ Xem so' dd hinh hoc: Display — Undeformation Shape

Xem cho timg trudng hop va timg loai tai trong trén nit hodc trén phan tir (c6 thé hién ca
gia tri).

+ Xem so d6 tai trong tai trong: Display -> Show Load Assign

Hién cac so do tai trong muc dich kiém tra lai cac truong hop tai da gan. Co thé hién :

- Hién cho tirng truong hop tai trong (Chon Load name)

- Tung loai tai trong (Load Type): Joint - Frame - Area - Solid - Link

- Hién hinh dang va gia tri (Value): c6 thé hién tai trong nit cing tai trong trén phan tir
- H¢ toa d6 khi hién (Coordinate Sys)

+ Xem cac dai lwong di gan cho két cau: Display -> Show Misc Assign

b. Hién cac két qua tinh

- Hién céc biéu dd chuyén vi: Display -> Show deformed Shape

+ Chon truong hop/td hop mudn hién Case/Combo
+ Chon ti 1€ khi hién Scaling
+ Chon kiéu hién:

- Wire: Hién so d6 KC (md) va dang chuyén vi

- Cubic: Chi hién dang chuyén vi
- Hién cac biéu dd ndi lwe: Display > Show Forces/Stress

+ Chon truong hop-Td hop ( Case/Comb)
+ Chon ddi tugng hién :

- Joint: Reaction-Sprring
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- Frame/Cable: 6 thanh phén noi luc: Axial - Shear -Moment
- Shell, Planes . . .
+ Scaling: chon ty 1¢
+ Option: Fill - t6 mau, Show value - soi -co gia tri
- Hién céc biéu dd: Display -> Show Virtual Work Diargam
- Xem cac dwong anh hwong: Display -> Show Influence Lines
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